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Approximate methods f o r  e lectr ic  p ropu l s ion  miss ion  a n a l y s i s  
were i n v e s t i g a t e d .  A c h a r a c t e r i s t i c  l e n g t h  has been found t h a t  
o f f e r s  e x c e l l e n t  c o r r e l a t i o n  between low- thrus t  t r a j e c t o r i e s  w i t h  
v a r i o u s  t y p e s  of t h r u s t  programs. Good c o r r e l a t i o n  w a s  a l so  
found between low- thrus t  t r a j e c t o r i e s  and impuls ive  t h r u s t  
t ra jector ies  of  t h e  d i r e c t  type .  
General  r e l a t i v i t y  has  been reviewed f o r  p o s s i b l e  a p p l i c a t i o n s  
t o  space  p ropu l s ion .  Although t h i s  review w a s  c u r s o r y ,  s e v e r a l  
a s p e c t s  of g e n e r a l  r e l a t i v i t y  were found t h a t  might p o s s i b l y  be 
o f  i n t e r e s t .  
Volume i o n  product ion  power losses i n  mercury-and cesium- 
bombardment t h r u s t e r s  w e r e  eva lua ted  u s i n g  a general-atom theory  
based  on t h e  Gryz inski  express ions .  The r e s u l t s  of t h i s  a n a l y s i s  
p r e d i c t  t h a t  mercury t h r u s t e r s  w i l l  have about  2 . 5  t i m e s  as much 
volume i o n  power loss  as t h a t  i n  cesium-bombardment t h r u s t e r s .  
Equipment has  been f a b r i c a t e d  and assembled f o r  t h e  
measurement of neut ra l -a tom energy i n  a mercury-bombardment 
t h r u s t e r .  The experiment  i s  nea r ly  o p e r a t i o n a l .  
w i t h  a one-dimensional flow a n a l y s i s  w i t h  l i t h i u m  as t h e  f l u i d .  
T h e  flow v e l o c i t y  can be  inc reased  s e v e r a l  f o l d  i n  t h e o r y ,  and 
t h e  mode of h e a t  a d d i t i o n  has  a marked e f f e c t  on nozz le  area 
r a t i o .  F u r t h e r  work i s  be ing  done t o  f i n d  t h e  optimum mode of 
h e a t  a d d i t i o n .  
E lec t ros ta t ic  sp ray ing  of a number of biowaste- type l i q u i d s  
H e a t  a d d i t i o n  t o  supe r son ic  nozz le  flow has been t r e a t e d  
has  been s t u d i e d  exper imenta l ly .  There has  been success  w i t h  
some l i q u i d s ,  b u t  f r e e z i n g  a t  t h e  needle  t i p  has  been a problem 
w i t h  o t h e r  l i q u i d s .  
. 
1.1 
APPROXIIvlATE METHODS I N  ELECTRIC PROPULSION MISSION ANALYSIS* 
by William R. Mickelsen** 
Colorado State University 
Fort Collins, Colorado 
ABSTRACT 
A definite need exists for approximate, simple, fast and flexible 
f 
methods for preliminary analysis of electric propulsion missions. 
Methods are presented which serve these ends, and provide a straight- 
forward technique for the determination of the effects of system 
components on mission performance. These approximate techniques 
utilize a combination of existing trajectory and mission analysis 
techniques, such as impulsive thrust analysis, characteristic length, 
and low-thrust mission characteristics. Practical constraints 
associated with electric propulsion systems are included throughout 
the analysis. 
These methods have been compared with more exact solutiops of 
the Mars orbiter-lander and the Jupiter fly-by missions. Power 
profiles from more exact solutions, linearized profiles, and profiles 
deduced from impulsive-thrust trajectories, were used as inputs to 
the approximate analysis. The approximate methods provided final 
mass fractions within about ten percent of the more exact anzlyses. 
The good results obtained with the approximate methods in a 
wide variety of mission profiles has established confidence in the 
approximate methods. It appears that these methods can be used for 
preliminary screening of mission profiles, to be followed by the 
more exact analyses. 
INTRODUCTION 
A considerable amount of work has been done in low-thrust 
trajectory analysis. Essentially a l l  of this work has been with 
the patched-conic approximation, but has provided digital computer 
* done under NASA Grant NGR06-002-032, Electric Thruster Systems, @ART. 
**Associate Fellow, AIM. Professor of Mechanical Engineering and 
Electrical Engineering. 
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programs and trajectory data with about 1-2% accuracy. Digital 
programs of this kind require considerable time between definition 
of input and receipt of legible output. In addition, the mission 
analyst is not provided conveniently with an intimate knowledge of 
the variation of all parameters throughout the mission profile. 
More complex trajectory analysis such as optimized three-dimensional 
n-body programs with 0.1% accuracy, or double-precision three- 
dimensional n-body full-parameter-optimization programs, will provide 
even less insight, flexibility, and speed for the mission analyst. A 
simple, fast, and flexible analysis method is needed for preliminary 
mission analysis. 
b 
An ideal program, or method, for those working in electric 
propulsion should have certain characteristics. In the interest of 
providing these characteristics, accuracy could be sacrificed; for 
example an accuracy of 10% in payload would be adequate. The method 
should be analytic if possible, although some graphical interpolation 
would be acceptable. If the method were entirely analytic, then the 
ease in understanding would result in ease of modification of the 
method. The feature of easy modification would be of great importance 
in analyzing missions with unusual profiles. 
An essential characteristic is that the method be independent 
from the accurate methods. Some simple and fast methods have been 
developed, but these depend on results obtained from the accurate 
trajectory analyses. To provide true flexibility, only the 
fundamental properties of the solar system, and simple characteristics 
of impulsive thrust trajectories should be necessary for evaluation 
of any mission profile. 
Approximate optimization of the mission profile should be 
straightforward, and should provide a direct insight into the 
relative merits of various trade-offs. This feature would make it 
possible to compare various electric propulsion systems for each 
particular mission profile, or to compare various combinations of 
propulsion systems. A straightforward optimization procedure would 
a lso  provide means for evaluating the performances of each component 
in the electric propulsion system. 
and requirements. 
The methods described here are intended to fulfill these needs 
THE CHARACTERISTIC-LENGTH APPROXIMATION 
b 
The Zola characteristic length 1 provides a means for using 
impulsive-thrust trajectory characteristics in estimating low- 
thrust missions. 
readily available impulsive-thrust trajectory information, and 
because of the conceptual simplicity of characteristic length, 
it is used throughout the approximate methods discussed in this 
paper. 
Because of this convenient relationship to the 
Characteristic length is defined as the distance that would 
be traveled by the vehicle in ' field-free space. 
distance AL travelled in time t 
For example, the 
is simply: 1 
where V is the instantaneous speed along a rectilinear path. 
V is simply the integral of instantaneous acceleration: 
Speed 
V E i,' a d.r 
where the instantaneous acceleration a is: 
F a = -  M ( 3 )  
Thrust F may vary with time, and vehicle mass M decreasss with time. 
It must be noted that rectilinear motion is assumed. 
thrust programs could be used to propel a vehicle the same length L. 
If two thrust programs result in the same characteristic length, 
then those programs are equivalent in the sense that either one will 
accomplish the mission. 
a characteristic length which is invariant for all thrust programs 
satisfying the mission conditions. 
In field-Xree space, it is clear that an infinite variety of 
Stated in another way, a given mission has 
In applying the characteristic length to missions in gravitational 
fields, it is assumed that the characteristic length is still invariant 
for all thrust programs. If a particular mission, say, a 230-day 
Mars orbiter, requires a hyperbolic velocity V 
approach hyperbolic velocity V2 at Mars, then the characteristic 
length L for the mission is: 
at Earth and an 1 
b L = (V1 + V2) t/2 
1.4 
( 4 )  
The assumption of invariant length implies that low-thrust vehicles 
must have thrust profiles such that the summation of the lengths 
AL must be equal to the characteristic length: 
L = f ALi ( 5 )  
i=l 
Further description of the characteristic length is best accomplished 
with the example missions treated in the following sections. 
SOLAR-ELECTRIC POWER PROFILES 
Calculation of the low-thrust V and ALi requires definition of 
the variation of instantaneous thrust-acceleration with time, as 
indicated by equations (1) and (2). 
A general expression for instantaneous thrust-acceleration is: 
a = - -  F -  F - 1 - 1 
j,eff ao(p/po) Vj,eff F/Mo V 




with time, and Po is power at 1 AU. 
at constant specific impulse throughout a mission. 
because of the dependence of solar flux intensity on distance from 
the Sun, and because of the dependence of solar-cell output on cell 
temperature. Solar-array power output has been calculated and is 
listed as a function of radius from the sun. However, distance 
from the Sun as a function of time is not known a priori for the 
low-thrust trajectory, so resort must be made to an approximation. 
is the thrust-acceleration at the beginning of the mission, 
0 
= gcI, I is specific impulse, P/Po is the variation of power 
Electric 2ropulsion systems presently envisioned must operate 
Solar-electric power varies with distance from the Sun, both 
2 
Distance from the Sun can be computed accurately for impulsive 
thrust trajectories from simple formula. 
thrust trajectory information with the solar-array power information; 
By combining this impulsive- 
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t h e  s o l a r - a r r a y  power can be c a l c u l a t e d  as a f u n c t i o n  of  t i m e  f o r  
v e h i c l e s  t h a t  are on impuls ive- thrus t  t r a j e c t o r i e s .  
f o r  out-bound t ra jector ies  were determined by t h i s  method, and are 
shown i n  F igu re  1 f o r  a range of hype rbo l i c  d e p a r t u r e  speeds.  The 
hype rbo l i c  speed VH is  de f ined  as t h e  speed of  t h e  v e h i c l e  w i t h  
r e s p e c t  t o  E a r t h  a f t e r  l e a v i n g  t h e  E a r t h ’ s  g r a v i t a t i o n  f i e l d .  For 
t h e  p r o f i l e s  shown i n  F igure  1, V was assumed t o  be t a n g e n t  t o  H 
t h e  (mean) c i r c u l a r  o r b i t  o f  Ear th .  
If a solar-electr ic  v e h i c l e  i s  launched wi th  a p a r t i c u l a r  
va lue  of VH, say ,  2 km/sec, t h e n  it i s  c lear  t h a t  as t h e  low-thrust-  
a c c e l e r a t i o n  c o n t i n u e s ,  t h e  power w i l l  dec rease  more r a p i d l y  t h a n  
i n d i c a t e d  by t h e  impuls ive- thrus t  ( coas t ing )  t r a j e c t o r y  power p r o f i l e  
shown i n  F igu re  1. 
acce le ra - t ion  w i l l  have p r o p e l l e d  t h e  v e h i c l e  through a c h a r a c t e r i s t i c  
l e n g t h  A I , * ,  so t h e  v e h i c l e  w i l l  have reached a d i s t a n c e  from t h e  Sun 
approximately equa l  t o  t h e  d i s t a n c e  it would have reached by c o a s t i n g  
from an i n i t i a l  hype rbo l i c  speed VI-;. 
ter is t ic  l e n g t h  i s  expressed  by: 
Power p r o f i l e s  
During some time i n t e r v a l  A t ’ ,  t h e  low-thrust-  
This  equiva lence  of charac-  
AL’ = (Vi - VH) A t ’  (7 )  
I f  AL’ can be e s t i m a t e d  f o r  a g iven  t i m e  i n t e r v a l  A t ’ ,  t hen  V& can 
be c a l c u l a t e d  from e q c a t i o n  ( 7 ) ,  and t h i s  e s t i m a t e  provides  a p o i n t  
on a VI; curve  i n  F igure  1 a t  t h e  t i m e  A t ’ .  By t h i s  means, a power 
p r o f i l e  can b e - e s t i m a t e d  f o r  a given t h r u s t - a c c e l e r a t i o n  and s p e c i f i c  
impulse.  
APPROXIMATELY LINEAR POWER PROFILES 
At Mars, t h e  power r a t i o  i s  P/Po = 0 . 4 7  and a t  J u p i t e r ,  P/Po = 0.05 .  
For  a 230-day Mars miss ion ,  a l i n e a r  power p r o f i l e  f a l l s  between t h e  
impu l s ive - th rus t  p r o f i l e s  f o r  a V of 2 and 4 kmlsec, as shown i n  H 
Figure  2. This  imp l i e s  t h a t  a l i n e a r  p r o f i l e  could be assumed f o r  
a 230-day Mars miss ion  wi th  a V of about  2 km/sec. S i m i l a r l y ,  a H 
l i n e a r  power p r o f i l e  appears  t o  be a r easonab le  assumption f o r  a 
600-day J u p i t e r  miss ion  wi th  a VH of about  1 km/sec. 
F i e l d - f r e e  r e c t i l i n e a r  v e l o c i t i e s  V, and l e n g t h s  AL have been 
c a l c u l a t e d 3  f o r  l i n e a r  power p r o f i l e s  over a wide range of i n i t i a l  
1.6 
thrust accelerations ao, for Earth-Mars and Earth-Jupiter missions. 
Examples of these calculations are shown in Figures 3 and 6. These 
calculations can be used to analyze Mars and Jupiter solzr-electric 
missions. 
MARS ORBITER-LANDER SOLAR-ELECTRIC MISSION 
Mars orbiter-lander missions have been analyzed2 with a precision 
digital-computer program, so it is of interest to compare those 
precision results with estimates obtained with the present approximate 
methods. 
shown in Figure 7. 
A particular mission profile from the precision analyses is 
This mission is for the following specifications: 
optimum lauch date in 1971 
mission time, t = 231 days 
C3 = 4.23 km 2 /sec 2 (ie, VH = 2.06 km/sec) 
specific impulse, I = 4000 sec 
initial mass, b o  = 2520 kg 
thruster efficiency, nth = 0.64 
power-conditioning efficiency, nc= 0.92 
continuous forward thrust 
Total length CL for the low-thrust trajectory is simply the sum 
of ALl and AL2 as illustrated in Figure 7. 
product of the hyperbolic departure velocity VH and the vission time 
t. 
thrust-acceleration ao. Then the length summation CAL can be plotted 
as a function of initial thrust-acceleration a. as shown in Figure 8. 
The length ALl is the 
The length AL2 can be read from Figure 4 for a range of initial 
Characteristic length L for this mission can be calculated from 
equation ( 4 ) .  The velocities V and V are found from the literature 4 , 
1 2 
and the length is L = 6.1 x l o l o  meters. A s  shown in Figure 8 ,  the 
thrust-acceleration that satisfies the characteristic length L is 
a = 1.22 x m/sec2. Vehicle parameters such as power level and 
propellant required can be calculated from the value of a. (e.g., the 
average mass-flow rate can be found from the average power ratio). 
Vehicle parameters determined from this approximate method are 




method 2 --- -- program 
solar-array power, kwe 
propellant mass, kg 
9.6 
1 1 2  
9.7 
11.5 
Agreement is good between these results. 
JUPITER FLY-BY SOLAR-ELECTRIC MISSIONS 
Mission with Linear Power Profile 
A Jupiter fly-by mission with a complex thrust program has been 
analyzed2 with a precision digital computer program. 
profile is illustrated in Figure 9 ,  and has the following specifications: 
This mission 
launch date, 1 Dec 1973 
mission time, t = 900 days 
reverse hyperbolic speed, VH = 1.1 km/sec 
specific impulse, I = 3 5 0 0  sec 
initial mass, Mo = 1 1 8 5  kg 
power-conditioning efficiency, 
reverse low thrust, tl = 2 0  days 
leave vicinity of Earth orbit, t2 = 140 days 
thrust termination, t* = 5 4 0  days 
thruster efficiency, llth = 0 . 5 9  
= 0.92 
llC 
Since the vehicle remains in the vicinity of Earth for 140 days, the 
reverse and forward low-thrust values of V can be calcclated from 
equations (2) and ( 6 )  with P/Po = 1. Then starting at t2, the speed 
V* can be found from Figure 5 ,  and the length AL2 from Figure 6 .  
other lengths, ALl and AL3, can be calculated simply as products of 
speeds and time intervals. The resulting length summation is shown 
in Figure 10 for a range of initial thrust-accelerations ao. 
Characteristic length L was determined from the literature for 
impulsive-thrust trajectories beginning at the time wher, V = 0 for 
each assumed value of ao, so L is also a function of initial thrust- 
acceleration. Solar-array power calculated from the value of 
a = 4 . 7 8  x m/sec shown in Figure 10, is P = 18 kwe. This is 








Mission with Non-Linear Power Profile 
The approximate methods have been tested in a mission case 
where the power profile cannot be assumed to be a linear function 
of time. 
digital-computer programs6 17. 
mission are: 
Tne sample mission used has been analyzed with precision 
A set of specifications for this 
optimum launch date in 1976 
mission time, t = 600 days 
VH = 4000 m/sec 
specific impulse, I = 3230 sec. 
tankage, k = 0.1 
propulsion system specific mass, a = 30 kg/kwe 
initial mass, Mo = 700 kg 
PS 
thruster and power conditioning efficiency, TlthZrlC = 0.535 
By inspection of Figure 2, it is evident that with a VH = 4 km/sec, 
the power profile cannot be approximated with a linear relation. 
Characteristic length was used in the present analysis to 
generate power profiles for the 600-day Jupiter mission. For 
example, if a. = 0.0003 m/sec2, then equation (7) is satisfied for 
Vi = 6 km/sec when At’ = 175 days, by inspection of Figure 6. 
should pass through the curve for VH = 6 km/sec (Figure l), ie, 
P/Po = 0.33 at t = 175 days. In this manner, the power profiles 
were estimated by use of Figures 1 and 6, with the results shown 
in Figure 11. 
universal for 600-day Earth-Jupiter heliocentric transfers. 
This 
implies that at t = 175 days, the power profile for a. = 0.0003 m/sec 2 
For the assumptions made herein, these profiles are 
With the power-profiles shown in Figure 11, it is a simple 
matter to calculate field-free rectilinear speeds V and length AL2 
for the mission profile shown in Figure 12. 
the length summation C A L  can be obtained for ranges of initial 
thrust-acceleration a. and propulsion time t*. 
shown in Figure 13. 
From these calculations, 
These results are 
For the optimum launch date in 1976, the characteristic length 
calculated from impulsive thrust information5 is L = 48.5 x 10 LO 
meter. With this characteristic length, the initial thrust- 
acceleration was determined from Figure 13 for the range of 
propulsion times t*. Then the power and propellant requirements 
1.9 
were determined from a I ,  and Mo. The p r o p e l l a n t  c a l c u l a t i o n s  
inc luded  a 1 0 %  tankage,  and an average mass-flow r a t e  found by 
i n s p e c t i o n  o f  t h e  power p r o f i l e s .  
w i th  t h e  r e s u l t s  shown i n  F igure  14. 
dig i ta l -computer  program6 y i e l d s  a payload of 1 8 1  kg a t  about  4 4 0  
days p ropu l s ion  t i m e .  This  agreement i s  good. 
0' 
Payload w a s  t hen  c a l c u l a t e d  fo r  t h e  range o f  p ropu l s ion  t i m e s ,  
For comparison, t h e  p r e c i s i o n  
SUMMARY O F  GENERAL bETHOD 
The approximate methods desc r ibed  i n  t h e  prev ious  s e c t i o n s  are 
a p p l i c a b l e  t o  c o n s t a n t  s p e c i f i c  impulse,  solar-electric,  h e l i o c e n t r i c  
t ra jector ies .  To apply  t h e s e  methods, it i s  necessa ry  t o  have 
informat ion  about t h e  analogous impu l s ive - th rus t  t r a j e c t o r i e s ;  and 
it i s  convenient  t o  have c e r t a i n  u n i v e r s a l  graphs of V and AL f o r  
low- thrus t  t ra jector ies .  A t y p i c a l  a p p l i c a t i o n  of  t h e  approximate 
methods i s  o u t l i n e d  below. 
(a )  d e f i n e  t h e  m i s s i o n  i n  general ,  e .g .  c o n s t a n t  s p e c i f i c  
impulse,  s o l a r - e l e c t r i c ,  E a r t h - J u p i t e r  
(b) prepa re  p l o t s  o f  P/Po versus  t f o r  s e v e r a l  v a l u e s  
o f  VH, f o r  outbound impuls ive- thrus t  t r a j e c t o r i e s  
( t h e s e  impu l s ive - th rus t  t ra jector ies  may be based 
upon any d e s i r e d  mathematical model ranging  from 
two-body, two-dimensional up through n-body, t h r e e  
dimensional ;  t h e  imp l i ca t ion  i s  t h a t  t h e  accuracy of 
t h i s  approximate method depends on t h e  degree of 
s o p h i s t i c a t i o n  o f  t h e  impulsive t r a j e c t o r y  model.) 
(c) prepa re  p l o t s  o f  V and  of AL v e r s u s  t f o r  several 
va lues  o f  a. and of t r i p  t i m e ,  f o r  l i n e a r  power 
p r o f i l e s  ( i . e . ,  P/Po = - k t )  
(d) prepa re  u n i v e r s a l  p l o t s  of V and o f  AL v e r s u s  t f o r  
s e v e r a l  va lues  of  ao, f o r  non- l inea r  power p r o f i l e s  
f o r  several va lues  of V H 
i n fo rma t ion  gene ra t ed  i n  s t e p s  ( a )  t o  ( d )  i s  u n i v e r s a l  f o r  
Ear -h-Jupi te r  miss ions ,  w i t h i n  t h e  range of ao, VH, and t r i p  t 
The a l l  
m e  s 
used i n  t h e  c a l c u l a t i o n s .  I n  other words, once t h i s  in format ion  i s  
1.10 
a t  hand, any E a r t h - J u p i t e r  miss ion  as  de f ined  i n  (a)  can be 
analyzed.  It  i s  e v i d e n t  t h a t  t h e  same k ind  of  i n fo rma t ion  can 
be gene ra t ed  for  o t h e r  g e n e r a l  missions such as Earth-Mercury, 
close-solar, o u t - o f - t h e - e c l i p t i c ,  e t c .  
Having t h e  u n i v e r s a l  p l o t s  o f  V and AL a t  hand, t h e  miss ion  












1 2 .  
n o t e  s p e c i f i e d  parameters  such as a TI v e r s u s  I ,  etc.  
d e f i n e  t h e  mission p r o f i l e ,  e .g .  launch d a t e ,  t r i p  
t i m e ,  a l l  forward t h r u s t ,  t h r u s t  cu t -of f  a t  a r b i t r a r y  
t i m e  t *  
assume a va lue  f o r  I 
assume a va lue  f o r  V 
a s s i g n  v a r i o u s  va lues  f o r  a 
c a l c u l a t e  CLi f o r  each va lue  of  a 
determine L from impulsive t h r u s t  i n fo rma t ion  
determine t h e  va lue  of a 
t h e  va lue  o f  a. t h a t  i s  r e q u i r e d  f o r  t h e  miss ion  t o  
be completed 
c a l c u l a t e  p ropu l s ion  system m a s s  and p r o p e l l a n t  m a s s  
f o r  t h a t  va lue  of  a. found i n  8.  
t o  f i n d  t h e  optimum value or' VH, r e p e z t  4 .  t o  9 .  f o r  
s e v e r a l  v a l u e s  of VH 
t o  f i n d  t h e  optimum value o f  I ,  r e p e a t  4 .  t o  1 0 .  f o r  





where L = ELi; t h i s  i s  
0 
t o  f i n d  t h e  optimum mission p r o f i l e ,  observe  t h e  t r e n d s  
and a l t e r  t h e  p r o f i l e  accord ingly ,  e.g.  va ry  t *  
These c a l c u l a t i o n s  can be done q u i t e  simply by hand. Extens ive  
v a r i a t i o n  of parameters  might be done more e a s i l y  wi th  very  s imple 
computer programs. I t  appears  t h a t  t h e  g e n e r a l  method could  be 
adapted  t o  t h e  ana log  computer, which would provide  ve ry  f a s t  and 
ve ry  g r a p h i c  means f o r  approximate mission a n a l y s i s .  
CONCLUSIONS 
Approximate miss ion  a n a l y s e s  based on t h e  Zola c h a r a c t e r i s t i c  
l e n g t h  have shown good agreement with p r e c i s i o n  d ig i ta l -computer  
1.11 
a n a l y s e s  f o r  t h r e e  d i f f e r e n t  t y p e s  of miss ion  p r o f i l e s .  
agreement i n c r e a s e s  confidence i n  t h e  approximate methods, and 
serves as a r a t i o n a l e  f o r  f u r t h e r  development of such methods. 











I t  i s  concluded t h a t  t h e s e  approximate methods: 
could  be used f o r  p re l imina ry  screening  of miss ion  p r o f i l e s ;  
could  be used a s  an i n i t i a l  approximation i n  p r e c i s i o n  
i t e r a t i v e  d ig i ta l -computer  programs; 
could  be adapted  f o r  s o l u t i o n  with ana log  computers. 
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F I G .  1.10 Characteristic length as a function of initial 
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transfer with a linear power profile. 
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GENERAL NLATIVITY AND SPACE PROPULSION 
S .  Basri, W. R. Mickelsen, and 
R. T. Hodgson 
The theory of general relativity has been reviewed for 
possible applications to space propulsion. Because of the brief 
time available for this review, no investigation was made of the 
consequences of changing any.of the basic postulates of the theory. 
That is, the theory of general relativity was assumed to be valid 
and complete. 
Three possible applications to space propulsion were found, 
and these are described here. These possible applications have 
received only a cursory examination; further, there may well be 
other possible applications not discovered in the sresent brief 
review. 
Negative Mass 
The consequences of the possible existence of negative mass 
were investigated because such mass could be used to accelerate 
ordinary mass. Bondil has pointed out that a pair of equal and 
opposite active gravitational masses will accelerate uniformly 
and without limit if the action is confined to the line of 
centers. This would be of obvious importance for space vehicle 
applications. 
A distinction may be made between three types of m- asses 
according to the measurement by which they are defined: inertial 
mass is defined as the constant that enters Kewton's second law 
(F = ma). Passive gravitational mass is that mass upon which a 
gravitational field acts, and active gravitational mass is that 
mass which acts as a source of gravitational fields. In mere 
fundamental terms2, inertial. mass is that property of matter 
which resists changes in motion, passive gravitational mass is 
that property of matter which responds to a gravitational field, 
and active gravitational mass is that property of matter which 
induces a gravitational field. 
2.2 
According t o  t h e  p r i n c i p l e  of equiva lence  which i s  one of 
t h e  fundamental p o s t u l a t e s  of gene ra l  r e l a t i v i t y ,  t h e  p a s s i v e  
g r a v i t a t i o n a l  m a s s  i s  equa l  t o  t h e  i n e r t i a l  mass. 
t h e r e  i s  no th ing  i n  t h e  g e n e r a l  theory  o f  r e l a t i v i t y  t o  re la te  
t h e  a c t i v e  g r a v i t a t i o n a l  mass t o  t h e  p a s s i v e  o r  i n e r t i a l  masses. 
Within t h i s  t h e o r e t i c a l  framework, t h e  consequences of n e g a t i v e  
and p o s i t i v e  a c t i v e  g r a v i t a t i o n a l  mass can  be examined. 
A.G. 
However, 
Consider  a body of  a c t i v e  g r a v i t a t i o n a l  mass M a c t i n g  
on a n o t h e r  body w i t h  p a s s i v e  g r a v i t a t i o n a l  mass m and i n e r t i a l  
mass m 
P . G .  
The i n e r t i a l  m a s s  e n t e r s  i n t o  t h e  l a w  o f  motion: 
I' 
-+ +- 
F = mI a.  
and For  a c o o r d i n a t e  system f i x e d  i n  the  c e n t e r  o f  m a s s  M 
w i t h  t h e  weak f i e l d  approximation,  equa t ion  (1) becomes: 
A.G. 
+ M ~ . ~ .  m P.G g 
$ = m a = -  
2 r r I 
where G i s  a number which i s  assumed t o  be t h e  same fo r  a l l  
act ive g r a v i t a t i o n a l  masses, r i s  t h e  d i s t a n c e  between t h e  center 
o f  masses m 
d i r e c t i o n .  
, and gr i s  a u n i t  vector i n  t h e  r a d i a l  and M ~ . ~ .  P . G .  
According t o  t h e  p r i n c i p l e  of equiva lence :  
= mI 5 . G .  ( 3 )  
and hence : 
I t  i s  clear from equa t ion  ( 4 )  t h a t  t h e  a c c e l e r a t i o n  of a body 
towards o r  away from MA.G i s  independent o f  any s i g n  o f  mass 
of t h e  body and depends on ly  on t h e  s i g n  of '"IAaG 
p o s i t i v e  a c t i v e  g r a v i t a t i o n a l  mass w i l l  cause a l l  bodies  t o  f a l l  
toward it w i t h  equa l  accelerations,  w h i l e  one o f  n e g a t i v e  a c t i v e  
g r a v i t a t i o n a l  mass w i l l  r e p e l  a l l  bodies .  
and n e g a t i v e  m a s s  i s  n o t  analogous t o  t h e  " l i k e  charges  r e p e l ,  
u n l i k e  cha rges  a t t r a c t ' '  e l e c t r o s t a t i c  case. 
A body wi th  
The case o f  p o s i t i v e  
-
2 . 3  
I f  a body A w i t h  a p o s i t i v e  a c t i v e  g r a v i t a t i o n a l  mass i s  i n  
t h e  neighborhood of  a body B w i t h  t h e  sane a b s o l u t e  va lue  of a 
n e g a t i v e  a c t i v e  g r a v i t a t i o n a l  mass, t h e n  body B w i l l  a c c e l e r a t e  
towards body A under t h e  i n f l u e n c e  o f  A ' s  g r a v i t a t i o n a l  f i e l d .  
A t  t h e  same t i m e ,  body A w i l l  be a c t e d  upon by body B ' s  
g r a v i t a t i o n a l  f i e l d  and accelerate away fron; B. The t w o  bodies  
w i l l  have t h e  same d i r e c t i o n  and magnitude of a c c e l e r a t i o n ;  
t h e i r  p o s i t i o n  r e l a t i v e  t o  one another  w i l l  n o t  change, and they  
will accelerate uniformly wi thout  l i m i t .  
The magnitude of  such a c c e l e r a t i o n  can be e a s i l y  c a l c u l a t e d  
for bod ies  of d i f f e r e n t  shapes.  Consider two sphe res  o f  r a d i u s  
R and m a s s  IdAeG a d i s t a n c e  r from one ano the r .  
can be c a l c u l a t e d  from equa t ion  ( 4 ) :  
The a c c e l e r a t i o n  
M ~ . ~ .  
2 a =  r 
(5)  
The a c c e l e r a t i o n  may be compared t o  t h e  a c c e l e r a t i o n  of g r a v i t y  
a t  t h e  E a r t h ' s  s u r f a c e :  
where and RE a r e  t h e  mass and r a d i u s  of t h e  E a r t h ,  znii p i s  
I 
i d e n s i t y .  I f  t h e  d e n s i t y  of  t h e  bodies  i s  assumed t o  be Ear th  
d e n s i t y ,  and r i s  taken  t o  be 2R,  equa t ion  ( 6 )  reduces  t o :  
For an a c c e l e r a t i o n  of 10-4g, t h e  bodies  (of E a r t h  d e n s i t y ,  
5.5 gm/cc) would have d iameters  of about  2.5 m i l e s ,  and f o r  an 
a c c e l e r a t i o n  o f  10-59 t h e  d iameters  would be about  1 / 4  m i l e .  
Osmj-um has  a d e n s i t y  o f  22.5 gm/cc, so bodies  of osmium would 
have d i ame te r s  o f  about  300  f e e t  f o r  an a c c e l e r a t i o n  of  10-5g. 
Dens i ty  of matter i n  neutron s ta rs  may be o f . t h e  order of 
gm/cc, so i f  super -dens i ty  ma t t e r  was a v a i l a b l e ,  t h e  two 
bod ies  could  be q u i t e  smal l .  
2.4 
I f  t h e  t w o  bodies  w e r e  i n  t h e  form of  p a r a l l e l  d i s k s  o f  
t h i c k n e s s  t ,  and r a d i u s  R ,  and sepa ra t ed  by a d i s t a n c e  d ,  t h e  
a c c e l e r a t i o n  i s  g iven  by t h e  equat ion:  
a -  3 .  - - -  
g 2 t'RE , 
where t < <  d << R and t h e  m a s s  d e n s i t y  of  t h e  d i s k s  i s  equa l  t o  
t h e  mean e a r t h  d e n s i t y .  Equation ( 8 )  fo l lows  from Gauss' l a w  
i n  comslete analogy wi th  e l e c t r o s t a t i c s .  From comparison o f  
e q u a t i o n s  ( 7 )  and (8), it appears  t h a t  a r e d u c t i o n  i n  body 
dimension by a fac tor  of s i x  could be achieved w i t h  a f l a t - d i s c  
c o n f i g u r a t i o n .  
I t  i s  d i f f i c u l t  t o  deny t h e  e x i s t e n c e  of n e g a t i v e  m a s s  on 
s t r i c t l y  exper imenta l  grounds. For i n s t a n c e ,  a body w i t h  n e g a t i v e  
ac t ive  g r a v i t a t i o n a l  m a s s  and p o s i t i v e  i n e r t i a l  mass could  o n l y  
be d e t e c t e d  by t h e  e f f e c t s  o f  i t s  own g r a v i t a t i o n a l  f i e l d  on 
ano the r  body. I t  would be a t t r a c t e d  t o  t h e  E a r t h ' s  s u r f a c e  (have 
weight )  and be a c c e l e r a t e d  i n  t h e  convent iona l  Newtonian d i r e c t i o n  
by any f o r c e .  The on ly  means of d e t e c t i o n  of  such a body would 
be a Cavendish Balance measurement o f  g r a v i t a t i o n a l  f o r c e s  between 
masses. I n c o n s i s t e n c i e s  of  o n e  p a r t  i n  lo5 could  be noted.  
Any body w i t h  n e g a t i v e  i n e r t i a l  mass would behave very  oddly.  
A f o r c e  a p p l i e d  t o  t h e  body would cause  i t  t o  move i n  t h e  o p p o s i t e  
d i r e c t i o n  t o  t h e  force. However, such a body of  macroscopic s i z e  
would ha rd ly  be found on t h e  E a r t h ' s  s u r f a c e  (or  Moon, o r  a s t e r n o i d ) .  
I t  would t r y  t o  r each  t h e  c e n t e r  of t h e  Ea r th  under t h e  in f lue r , ce  
o f  t h e  E a r t h ' s  g r a v i t a t i o n a l  f i e l d .  The stresses t h a t  would be 
set  up i n  t h e  body i f  i t  w e r e  r e s t i n g  on t h e  E a r t h ' s  s u r f a c e  
would grow wi thout  l i m i t  s i n c e  t h e  r e a c t i o n  f o r c e  "outward" would 
push t h e  body "inward". Such nega t ive  i n e r t i a l  mass would break  
up and t end  t o  f i n d  an equ i l ib r ium p o s i t i o n  i n  t h e  c e n t e r  of  t h e  
Ea r th .  I f  t h e  a c t i v e  g r a v i t a t i o n a l  mass of  such n e g a t i v e  i n e r t i a l  
m a s s  w e r e  a lso n e g a t i v e  and concent ra ted  i n  a sphe re  of r a d i u s  
about  t h e  o r i g i n ,  t h e  E a r t h ' s  g r a v i t a t i o n a l  f i e l d ,  - a ,  would have 
t h e  r a d i a l  dependence shown i n  F i g .  l b  i n s t e a d  o f  t h e  customary 
dependence shown i n  F ig .  l a .  This i s  t h e  same g r a v i t a t i o n a l  
p o t e n t i a l  t h a t  would a r i s e  from a hollow sphere  d e p i c t e d  i n  F ig .  IC. 
RN 
2 . 5  
The geometr ies  d e p i c t e d  i n  F ig .  1 show t h a t  t h e  moment of i n e r t i a  
of t h e  E a r t h  would be inc reased .  I f  RN/RE i s  s u f f i c i e n t l y  l a r g e ,  
it may be p o s s i b l e  t o  d e t e c t  such a mass d i s t r i b u t i o n  by measuring 
t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n  as a f u n c t i o n  of  d i s t a n c e  below 
E a r t h ' s  s u r f a c e  because t h e  s l o p e  is a f f e c t e d  by t h e  v a l u e  o f  
%'RE* 
Bondil  has  c o n s t r u c t e d  a metric f o r  t h e  case o f  two equal  
b u t  o p p o s i t e  s i g n  ac t ive  g r a v i t a t i o n a l  masses i n  uniform a c c e l e r a t i o n  
d i s c u s s e d  ear l ie r .  H e  concludes t h a t ,  i f  t h e  ac t ive  g r a v i t a t i o n a l  
mass i s  n e g a t i v e ,  t h e  i n e r t i a l  mass must a l s o  be nega t ive .  This  
can be shown on phys2cal  grounds. I f  t h e  i n e r t i a l  masses o f  t h e  
t w o  bod ie s  w e r e  bo th  p o s i t i v e ,  t h e  energy of t h e  systern (E = mI c ) 
i n c r e a s e s  wi thou t  l i m i t  and energy i s  n o t  conserved.  For one 
p o s i t i v e  i n e r t i a l  mass and one nega t ive  i n e r t i a l  m a s s ,  t h e  t o t a l  
i n e r t i a l  m a s s  i s  zero and t h e  energy of t h e  system remains ze ro .  
I f  t h e  conse rva t ion  o f  energy p r i n c i p l e  i s  accep ted ,  a body w i t h  
n e g a t i v e  a c t i v e  g r a v i t a t i o n a l  m a s s  must have n e g a t i v e  i n e r t i a l  m a s s .  
2 
Non-Newtonian Forces 
An e q u a t i o n  f o r  t h e  motion of a mass i n  t h e  f i e l d  o f  a much 
3 l a r g e r  m a s s  M w a s  de r ived  by Weber . According t o  t h i s  equa t ion ,  
i f  v and a are  t h e  v e l o c i t y  and a c c e l e r a t i o n  of M ,  r e s p e c t i v e l y ,  
and i s  t h e  p o s i t i o n  v e c t o r  from m t o  M ,  t h e n  i n  t h e  l i m i t  o f  
weak f i e l d s  and (v/c) 
by : 
3 -% 
2 = 0 ,  t h e  fo rce  $ e x e r t e d  by M on m i s  g iven  
3 - f  
4GM -% 4GM a.R 2 a + -- 
c3 R2 
J $ - G M +  
2 2 e R + -  R c R  
- - -  
m (9) 
The f i r s t  t e r m  i s  j u s t  t h e  u s u a l  g r a v i t a t i o n a l  a t t r a c t i o n  between 
two masses, b u t  t h e  o t h e r  t w o  terms a r e  s t r a n g e  t o  Newtonian 
mechanics,  and show t h a t  t w o  a d d i t i o n a l  f o r c e s  are e x e r t e d  on  m ,  
which are p r o p o r t i o n a l  t o  and 2. 
t h e  r e l a t i v e  i n f l u e n c e  of t h e s e  forces, a c a l c u l a t i o n  i s  made 
h e r e  of  t h e  a c c e l e r a t i o n  o f  a rocke t  nea r  t h e  s u r f a c e  o f  t h e  e a r t h  
due t o  t h e  o r b i t a l  speed v = 30 km/sec of t h e  e a r t h ,  and i t s  
c e n t r i p e t a l  a c c e l e r a t i o n  a = 0 . 6  m/sec2 due t o  r o t a t i o n  around t h e  
sun. 
I n  o r d e r  t o  g e t  a f e e l i n g  f o r  
The second t e r m  i s  1 . 7  x 10-8g and t h e  t h i r d  t e r m  i s  
-10 2 1.7 x 10 g ,  where g = GME/RE2 = 9 . 8  m/sec . 
2 .6  
However, i n  t h e  neighborhood of  a b ina ry  neut ron  s ta r ,  t h e  
space s h i p  could  g a i n  an a c c e l e r a t i o n  i n  excess  of 1 0  g ,  as was 
po in ted  o u t  Sy Forward . Such a c c e l e r a t i o n s  could  be used t o  
g i v e  t h e  space  s h i p  speeds nea r  t h e  speed of  l i g h t .  
d i scussed  by Dyson' i n  h i s  a r t i c l e  " G r a v i t a t i o n a l  Machines" a 
6 
4 
Other  a p p l i c a t i o n s  of t h e s e  f o r c e s  t o  ssace t r a v e l  are 
D i s t o r t i o n  of  t h e  Metric 
S i n c e  t h e  metric determines t h e  geodes i c  which a space  
v e h i c l e  fo l lows ,  i t  might be p o s s i b l e  t o  a c c e l e r a t e  t h e  v e h i c l e  
by d i s t o r t i o n  of t h e  met r ic  i n  i t s  neighborhood. For example, 
i f  t h e  d i s t o r t i o n  of t h e  met r ic  j u s t  enc losed  t h e  volume of t h e  
v e h i c l e ,  t hen  a d i s t o r t i o n  o f  t h e  o r d e r  of  one c u b i c  m e t e r  would 
be r e q u i r e d  t o  accelerate t h e  v e h i c l e .  The power r e q u i r e d  t o  
main ta in  t h e  d i s t o r t i o n  o f  t h e  metric would be roughly e q u a l  t o  
r a t e  of energy consumption needed t o  cont inuous ly  d i s t o r t  t h e  
metric j u s t  forward of t h e  v e h i c l e ,  assuming t h a t  t h e  energy used 
t o  d i s t o r t  t h e  m e t r i c  could n o t  be r ega ined  a f t e r  passage o f  
t h e  v e h i c l e .  
The energy r e q u i r e d  t o  d i s t o r t  t h e  metric can  be e s t ima ted  
by de termining  t h e  energy d e n s i t y  u of a g r a v i t a t i o n a l  f i e l d  
t h a t  produces an a c c e l e r a t i o n  of about  10-4g. Comparing t h e  
expres s ions  f o r  energy d e n s i t i e s  of e lec t r ic  and g r a v i t a t i o n a l  
f i e l d  from p o i n t  sou rces :  
W 
- = M  GM 
E M - i i T = -  r 2 
it i s  e v i d e n t  t h a t  ~ T E  corresponds t o  l/G. The e l ec t r i c  f i e l d  
-0 
energy d e n s i t y  i s  E E'/2, so t h e  g r a v i t a t i o n a l  f i e l d  d e n s i t y  is:  o Q  
- 4  where EM = FM/m = ma/m = a i s  t h e  a c c e l e r a t i o n .  
t h e  g r a v i t a t i o n a l  f i e l d  d e n s i t y  is u = 600  jou le /n  . 
For a = 10 g ,  
3 
2.7 
I f  t h e  g r a v i t a t i o n a l  f i e l d  i s  gene ra t ed  by a s p h e r i c a l  m a s s  
d i s t r i b u t i o n  M of  r a d i u s  R ,  t hen  a c c e l e r a t i o n  a t  t h e  s u r f a c e  is:  
(13) 
2 a = GM/R 
- 4  For a = 1 0  g:  
where t h e  s u b s c r i p t  E r e f e r s  t o  Earth.  For a m a s s  d e n s i t y  e q u a l  
t o  t h a t  o f  Ear th :  
R = RE = 0.4 m i l e  (15)  
1 2  which corresponds t o  a m a s s  o f  6 x 1 0  kg. The reason  f o r  such 
a h igh  mass i s  t h a t  t h e  g r a v i t a t i o n a l  f i e l d  ex tends  o v e r  a l l  
space ,  so much of  it i s  wasted. 
Another p o s s i b l e  way of d i s t o r t i n g  t h e  m e t r i c  i s  by a p u l s e  
o f  g r a v i t a t i o n a l  r a d i a t i o n .  But such r a d i a t i o n  t r a v e l s  a t  t h e  
speed of  l i g h t ,  and hence cannot  be u t i l i z e d .  
Radia t ion  of g r a v i t a t i o n a l  waves i n  t h e  backicrard d i r e c t i o n  
can a l s o  accelerate a r o c k e t .  This  does n o t  s e e m  p r a c t i c a l ,  
however, s i n c e  t h e  e f f e c t  i s  too weak and t h e  e f f i c i e n c y  of 
g e n e r a t i n g  such r a d i a t i o n  i s  low. 
Although t h e r e  i s  no known p r a c t i c a l  way of d i s t o r t i n g  t h e  
metric, it is  of  i n t e r e s t  t o  calculate  power requirements  f o r  an 
imagined means of  m e t r i c  d i s t o r t i o n .  
I f  t h e  v e h i c l e  i s  assumed t o  begin i t s  journey moving a t  
E a r t h ' s  o r b i t a l  v e l o c i t y ,  t hen  t h e  i n i t i a l  v e l o c i t y  i s  about  
30 km/sec. 
and energy d e n s i t y ;  so f o r  a one square  m e t e r  f ron ta l -  area of 
t h e  v e h i c l e ,  and f o r  an  a c c e l e r a t i o n  of  10--4g, t h e  power r e q u i r e d  
would be 3 0  x 1 0  x 600  = 18 x l o 6  j o u l e / s e c ,  which i s  1 8  
megawatts. For an a c c e l e r a t i o n  of 10-5g, t h e  power requirement  
would be 1 8 0  k i l o w a t t s .  Space power g e n e r a t i o n  systems p r e s e n t l y  
env i s ioned  wi th  power levels o f  t h e  o r d e r  o f  1 0 0  k i l o w a t t s  have 
p h y s i c a l  dimensions much l a r g e r  than o n e  c u b i c  m e t e r .  However, 
a high-densi ty  m a s s  might be mechanical ly  connected t o  t h e  s h i p  
and t h e  d i s t o r t i o n  o f  t h e  met r ic  need be o f  a size on ly  l a r g e  
enough t o  envelop t h e  h igh-dens i ty  mass. I n  t h i s  way, t h e  power 
requirement  could  be apprec i ab ly  reduced. 





2.1. Bondi, H . ,  Revs. Mod. Phys. 2 9 ,  423 (1957) .  - 
2.2. Jammer, 14.: Concepts of Mass. Harvard U n i v e r s i t y  
Press. (1961) .  
2.3. Weber, J.:  Genera l  R e l a t i v i t y  and G r a v i t a t i o n a l  
Waves, Interscience P u b l i s h e r s ,  N e w  York (1961) .  
2.4. Forward, R . ,  Am. J. Phys. 31, 168 (1963) .  - 
2.5. Dyson, F. :  I n t e r s t e l l a r  Communication, -I A. Cameron, 
E d i t o r ,  W. A .  Benjamin, N e w  York (1963) .  
2 .9  
a +  
FIG. 2.1. - Acceleration of Gravity as a Function of Radius f o r  
Three Mass Distributions a) Solid Positive Mass 
Distribution b) Negative Active Gravitational Mass 
at Earth's Center c) l l H ~ l l o w "  Earth Resulting from 
Mass Distribution Depicted in 'lb" 
3.1 
POWER LOSS IN MERCURY -AND CES I UM-BOMBARDP.IENT THRUSTERS 
by W .  R. Mickelsen 
Electron-bombardment t h r u s t e r s  have been developed f o r  
both mercury 1 1 2 1 3  and c e ~ i r n l ' ~ ' ~  p r o p e l l a n t s .  
t h e s e  t h r u s t e r s  has  been comparable, b u t  much r e s e a r c h  and 
development remains b e f o r e  u l t i m a t e  performance c a n  be a t t a i n e d .  
For example, p r e s e n t  performance of t h e  mercury-bombardment 
t h r u s t e r  i n c l u d e s  a d i scha rge  power l o s s  of ove r  200 ev / ion ,  
which i s  much g r e a t e r  t han  t h e  t h e o r e t i c a l l y  p o s s i b l e  d i s c h a r g e  
power lo s s  of 1 0 . 4  ev/ ion ( i e ,  t h e  f i r s t  i o n i z a t i o n  p o t e n t i a l ) .  
That  g r e a t  improvements are p o s s i b l e  i s  shown by t h e  50 ev/ ion 
o b t a i n e d  some t i m e  ago wi th  c e s i u m  hollow-cathode d i s c h a r g e s  6 . 
Because of  t h e  g r e a t  d i s p a r i t y  between t h e  present-day 
d i s c h a r g e  energy loss and t h e  f i r s t  i o n i z a t i o n  p o t e n t i a l ,  it i s  
of i n t e r e s t  t o  examine t h e  var ious  l o s s  mechanisms more deeply .  
From such examinat ions may come a be t t e r  estimate of t h e  p r a c t i c a l  
lower l i m i t s  of d i s c h a r g e  l o s s e s  i n  mercury-and cesium-bombardment 
t h r u s t e r s .  
Performance of 
Discharge Cur ren t s  and Power Loss 
I o n i z a t i o n  of neutral-atom p r o p e l l a n t  i s  achieved i n  e l e c t r o n -  
bombardment t h r u s t e r s  by e lec t ron  impact. E l e c t r o n s  e m i t t e d  from 
a ca thode  a re  q u i c k l y  accelerated by f a l l i n g  through a s h e a t h  
p o t e n t i a l  d i f f e r e n c e  of about  3 0  v o l t s  f o r  mercury and about  
- 8 v o l t s  f o r  cesium. There is a r a d i a l  e lec t r ic  f i e l d  r each ing  
out t o  t h e  enc los ing  c y l i n d r i c a l  anode, and a n  imposed a x i a l  
magnet ic  f i e l d ,  so t h e  e l e c t r o n s  follow c y c l o i d a l  p a t h s  about  
t h e  a x i s  o f  t h e  chamber. E lec t ron  e n e r g i e s  become randomized , 
presumably by plasma i n s t a b i l i t i e s .  A f t e r  c o l l i s i o n s  and d i f f u s i o n  
by mechanisms such as  plasma turbulence* ,  t h e  primary and secondary 
e l e c t r o n s  a r r i v e  a t  t h e  anode. Because of t h e  randomizat ion o f  
e l e c t r o n  energy ,  some e l e c t r o n s  may reach  t h e  s c r e e n  g r i d  and 
w a l l s  even if t h e s e  s u r f a c e s  are maintained a t  cathode p o t e n t i a l .  
7 
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Ions  gene ra t ed  i n  t h e  d i scha rge  may s u E f e r  t h r e e  f a t e s :  
a. f a l l  f r o m  t h e  plasma t o  t h e  s c r e e n  g r i d  and w a l l ,  
and recombine t h e r e  t o  be i n j e c t e d  aga in  i n t o  t h e  
d i s c h a r g e  as n e u t r a l  atoms 
b. f a l l  f r o m  t h e  plasma t o  t h e  anode, recombine and 
r e - e n t e r  t h e  d i s c h a r g e  as n e u t r a l  atoms 
c. be e x t r a c t e d  from t h e  plasma i n t o  t h e  a c c e l e r a t o r  
system. 
Recombination i n  t h e  plasma p rope r  i s  n e g l i g i b l e  a t  t h e  p a r t i c l e  
d e n s i t i e s  commonly used i n  bombardment t h r u s t e r s .  
The e l e c t r o n  and i o n  c u r r e n t s  are shown i n  F igu re  3.1.  I o n  
+ + 
a f a t e s  are Jb i o n  c u r r e n t  t o  t h e  a c c e l e r a t o r ,  J 
anode, and 
+ i n  t h e  plasma i s  rep resen ted  by t h e  c u r r e n t  J . E l e c t r o n  c u r r e n t  
f r o m  t h e  anode i s  JA, and i s  made up of some of t h e  pr imary e l e c t r o n  
c u r r e n t  Jd (from t h e  c a t h o d e ) ,  m o s t  o f  t h e  secondary e l e c t r o n  
( e l e c t r o n s  from t h e  i o n i z a t i o n  of n e u t r a l  a toms) ,  and c u r r e n t  
t h e  e l e c t r o n s  needed t o  recombine wi th  t h e  i o n s  s t r i k i n g  t h e  anode 
r ep resen ted  by Jar. 
+ c u r r e n t  J of e l e c t r o n s  t h a t  are s u c c e s s f u l  i n  caus ing  i o n i z a t i o n ,  
o f  t h e  unsuccess fu l  e l e c t r o n s  t h a t  d i f f u s e  t o  t h e  anode wi thou t  
caus ing  i o n i z a t i o n ,  and of  e l e c t r o n s  t h a t  are l o s t  t o  t h e  wal l  
recombined on t h e  
+ Jw recombined on t h e  w a l l ,  and t h e  t o t a l  i o n  g e n e r a t i o n  
- 
Ji 
Cathode c u r r e n t  J- i s  roughly made up of t h e  d 
and t h e  s c r e e n  g r i d .  
i t  shou ld  be e v i d e n t  t h a t  c u r r e n t  measurements w i th  ammeters 
cannot  p rov ide  magnitudes of i o n  arid e l e c t r o n  c u r r e n t s ,  p a r t i c u l a r l y  
a t  c i r c u i t  j u n c t i o n s  such as t h e  wall and s c r e e n  g r i d .  Only 
rough t r e n d s  can be deduced f r o m  ammeter r e a d i n g s ,  such  as t h a t  
t h e  r a t i o  of anode c u r r e n t  t o  i o n  beam c u r r e n t ,  J;/Jb is  abou t  
1 0  f o r  contemporary t h r u s t e r s .  
n e t  anode c u r r e n t  (J, - J ) t i m e s  t h e  p o t e n t i a l  d i f f e r e n c e  bsttveen 
ca thode  and anode. Somewhat d i f f e r e n t  d e f i n i t i o n s  o f  d i scha rge  
power may be used  i n  p r a c t i c e ,  depending on t h e  d e t a i l s  o f  t h e  
c i r c u i t r y .  
From t h i s  c u r s o r y  d e s c r i p t i o n  of i o n  and e l e c t r o n  c u r r e n t s ,  
+ 
I n  g e n e r a l ,  t h e  t o t a l  power consumed i n  t h e  d i scha rge  i s  t h e  
+ 
b 
3 . 3  
Fundamental Loss Mechanisms 
There appear  t o  be t h r e e  mechanisms i n  which e lec t r ic  power 
i s  consumed b u t  n o t  converted t o  t h r u s t  i n  bombardment t h r u s t e r  
i o n i z a t i o n  chambers : 
a. loss of  i o n s  by recombination a t  t h e  w a l l s ,  s c r e e n  
g r i d ,  anode, and cathode s u r f a c e s  
b .  l o s s  of e n e r g e t i c  e l e c t r o n s  by d i f f u s i o n  o r  by 
plasma i n s t a b i l i t i e s  r e s u l t i n g  i n  energy randomizat ion,  
b e f o r e  t h e  e l e c t r o n  can c o n t r i b u t e  t o  t h e  i o n i z a t i o n  
p r o c e s s  
c. loss of  e l e c t r o n  energy by c o l l i s i o n s  
The f i r s t  t w o  of  t h e s e  loss mechanisms are h i g h l y  dependent on 
p h y s i c a l  geometry and on t h e  f i e l d  c o n f i g u r a t i o n  i n  t h e  i o n i z a t i o n  
chamber. The t h i r d  loss mechanism appears  t o  be amenable t o  
d i r e c t  a n a l y s i s ,  a s  desc r ibed  i n  t h e  fo l lowing  s e c t i o n .  
Power Loss i n  Ion Generat ion 
There are many k inds  of c o l l i s i o n s  by which e l e c t r o n s  may 
lose energy i n  t h e  d i scha rge .  Of t h e s e ,  t h e  most impor tan t  
appear  t o  be c o l l i s i o n s  wi th  n e u t r a l  p r o p e l l a n t  atoms i n  which 
t h e  atom energy i s  r a i s e d  t o  an e x c i t e d  s t a t e ,  o r  t o  an i o n i z e d  
s t a t e .  Although d e t a i l e d  c a l c u l a t i o n s  have n o t  been a t tempted ,  
t h e  s e m i c l a s s i c a l  method of Gryzinski  "'O has provided t h e  b a s i s  
for  an approximate analysis' '  t h a t  i s  a p p l i c a b l e  i n  p r i n c i p l e  
t o  any atomic p r o p e l l a n t .  I n  t h i s  approximate a n a l y s i s ,  t h e  
fo l lowing  assumptions a r e  made: 
a. e x c i t a t i o n  and i o n i z a t i o n  c r o s s  s e c t i o n s  a r e  
r e p r e s e n t e d  by t h e  Gryzinski  expres s ions  
b. e l e c t r o n s  l o s e  energy by e x c i t a t i o n  c o l l i s i o n s  
i n  t h e  energy range from t h e  f i r s t  e x c i t a t i o n  
p o t e n t i a l  t o  t h e  f i r s t  i o n i z a t i o n  p o t e n t i a l  
c. e l e c t r o n s  l o s e  energy by i o n i z i n g  c o l l i s i o n s  
i n  t h e  energy range zbove t h e  f i r s t  i o n i z a t i o n  
p o t e n t i a l  (on ly  t h e  s ing ly - ion ized  s t a t e  i s  







elastic collisions are negligible, since 
AE/E 4 2me/mo s 5 x 
metastable states are neglected 
wall recombination losses are not accounted for 
electron diffusion losses are not accounted for 
cumulative inelastic collisions are improbable 
(because collision frequencies for excited states 
are much less than the radiative transition 
frequencies) . 
The approximate analysis for the general atom has been done for 
two cases: a mono-energetic beam of electrons interacting with 
neutral atoms, and a Maxwellian swarm of electrons interacting 
with neutral atoms. In the work being reported here it was 
assumed that: 
i. electrons entering the discharge become 
randomized immediately to a Maxwellian energy 
distribution. 
11 With the assumptions listed above, the approximate theory 
for the general atom can be summarized as shown in Figure 3.2 
where the normalized ion-generation energy loss is plotted 
against the ratio of first-excitation to first-ionization 
potentials, with the ratio of electron kinetic temperature to 
first-ionization potential as the parameter. The information 
presented in Figure 3.2 can be used tG estimate ion-generation 
energy loss for any atomic propellant when the excitation and 
ionization potentials are known. 
Excitation and Ionization Cross Sections 
Excitation cross sections for mercury are shown in 
Figure 3.3. These cross sections were deduced from the data 
in the literature, and are summed in Figure 3 . 4 .  From inspection 
of Figure 3 . 4  it is evident that excitation levels are as low 
as 2 ev for mercury, which is considerably lower than values 
previously quoted in the electric propulsion literature 
Excitation cross sections 12f13,19-25 for cesium are summarized 




Fundamental Energy Loss i n  I o n  Genera t ion  
From t h e  p reced ing  d a t a  on  e x c i t a t i o n  and i o n i z a t i o n  cross 
s e c t i o n s ,  t h e  lower e x c i t a t i o n  p o t e n t i a l s  and f i r s t  i o n i z a t i o n  
p o t e n t i a l s  Oi f o r  mercury and c e s i u m  are: 
mercury cesium 
o g r  ev - 3  - 1 . 4  
o i ,  ev 1 0 . 4  3.89 
o g / O i  -0 .3  -0.36 
By i n s p e c t i o n  of  F igu re  3 . 2 ,  i t  i s  c lear  t h a t  mercury and cesium 
w i l l  have roughly  t h e  same v a l u e s  of (ev/ion)/Oi i n  t h e  e l e c t r o n  
t empera tu re  range  of  i n t e r e s t  which i s  
amounts t o  t h e  conc lus ion  t h a t  cv / ion  i n  mercury and cesium 
bombardment t h r u s t e r s  w i l l  be roughly p r o p o r t i o n a l  t o  t h e  f i r s t  
i o n i z a t i o n  p o t e n t i a l s  of  t h e s e  two p r o p e l l a n t s .  I n  o t h e r  words,  
mercury bonbardment t h r u s t e r s  w i l l  always have about  2 . 5  t i m e s  
t h e  d i s c h a r g e  power loss  of mercury bombardment t h r u s t e r s .  
kTe = 1 t o  1 0  ev.  T h i s  7 
The v a l i d i t y  of t h i s  conclus ion  depends on several impor t an t  
f a c t o r s .  I f  t h e  pr imary loss mechanism i s  t h e  d i f f u s i o n  of 
e l e c t r o n s  t o  t h e  w a l l s ,  anode, and s c r e e n  g r i d ,  t hen  t h e  
fundamental  i o n  g e n e r a t i o n  energy loss c a l c u l a t e d  above w i l l  
n o t  be impor t an t .  But i f  t h e  primary energy  loss i s  s u r f a c e  
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v a l i d .  
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w a l l s  
 s c r e e n  g r i d  
+ + 
J+ = J + Jb + Ji a 
- + - 
Jd = J + JT 
FIG. 3.1. - Fundamental i o n  and e l e c t r o n  c u r r e n t s  i n  
bombardment t h r u s t e r s .  
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FIG. 3.2 .  - Normalized ion-generation energy l o s s  calculated 
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F I G .  3 . 3 .  - E x c i t a t i o n  c r o s s  s e c t i o n s  for mercury 
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FIG. 3.5. - Total-excitation and first-ionization cross sections 
for cesium 
4.1 
MEASUREMENT O F  NEUTRAL-ATOM SPEED 
I N  BOILBARDMENT THRUSTERS 
by Rodney T. Hodgson and Richard Moore 
The e x i s t e n c e  of h igh  speed n e u t r a l  atoms i n  an e l e c t r o n  
bombardment t h r u s t e r  could exp la in  t h e  h igh  cost of  i o n i z i n g  
each n e u t r a l  atom. 4 * 1 f  4 *  I n  o r d e r  t o  t e s t  t h e  t h e o r y ,  an 
experiment  w a s  s t a r t e d  t o  d e t e c t  high speed n e u t r a l  p a r t i c l e s  
i n  t h e  d i s c h a r g e  chamber of a mercury e l e c t r o n  bombardment 
t h r u s t e r  . 4.1 
I n  e s sence ,  t h e  experiment  c o n s i s t s  o f  l e t t i n g  n e u t r a l  
p a r t i c l e s  escape  f r o m  a h o l e  i n  t h e  i o n i z a t i o n  chamber, and 
coun t ing  t h o s e  t h a t  pas s  through a v e l o c i t y  s e l e c t o r .  The 
v e l o c i t y  selector c o n s i s t s  of  an  aluminum c y l i n e r  r o t a t i n g  a t  
h igh  speeds wi th  grooves c u t  i n  t h e  o u t s i d e .  See Figure  4.1. 
Those n e u t r a l  p a r t i c l e s  t h a t  can p a s s  from one end t o  t h e  o t h e r  
o f  t h e  c y l i n d e r  groove i n  a t i m e  s h o r t  compared t o  t h e  t i m e  
t aken  f o r  t h e  c y l i n d e r  t o  ro t a t e  a few degrees  w i l l  p a s s  through 
i n t o  t h e  i o n i z a t i o n  gage and be counted. Those p a r t i c l e s  t h a t  
are too slow w i l l  h i t  t h e  w a l l s  of t h e  grooves and be re-evaporated 
w i t h  a d i f f u s e  p a t t e r n ,  thereby  g r e a t l y  reducing t h e  p r o b a b i l i t y  
of e n t e r i n g  t h e  i o n i z a t i o n  gage. 
I 
The t h r u s t e r  (F ig .  4 . 2 )  has been se t  up and ope ra t ed  w i t h  
arc c u r r e n t s  and v o l t a g e s  up t o  3 amps and 30 v o l t s .  N o  h igh  
v o l t a g e  h a s  been a p p l i e d  t o  t h e  a c c e l e r a t i n g  sc reen  of  t h e  
t h r u s t e r  because t h e  background p r e s s u r e  i n  t h e  tank  i s  too h igh  
wi thou t  o p e r a t i n g  t h e  d i f f u s i o n  pump which r e q u i r e s  l i q u i d  n i t r o g e n .  
Highly s t a b i l i z e d  and smoothed c u r r e n t  s u p p l i e s  have been 
a c q u i r e d  f o r  t h e  arc ,  magnetic f i e l d ,  and cathode h e a t e r .  I n  
t h i s  way, t h e  60 c y c l e  i n t e r f e r e n c e  has  been made as s m a l l  as 
p o s s i b l e .  
The e x i t  h o l e  f o r  t h e  n e u t r a l  p a r t i c l e s  has been mounted i n  
t h e  t h r u s t e r  as shown i n  F i g u r e s . 4 . 3 ,  and 4 . 4 .  A f i n e  mesh 
s t a i n l e s s  s teel  s c r e e n  connected t o  t h e  anode w i l l  s t o p  e l e c t r o n s  
f r o m  p a s s i n g  i f  t h e  mesh s i z e  i s  s m a l l e r  t han  the  Debye l e n g t h  




i n s u l a t e d  s o  t h a t  i t  may be p o s i t i v e l y  charged w i t h  r e s p e c t  t o  
t h e  anode t o  r e p e l  t h e  i o n s .  
bo th  screens then  p a s s  through t o  t h e  v e l o c i t y  s e l e c t o r .  
a f l e x i b l e  coupl ing  formed by a length  of 1 3  gauge p i ano  wire. 
Too much power would be l o s t  i n  t h e  o r i g i n a l  g r e a t  d r i v e ,  and 
too many l u b r i c a t i o n  problems a rose  t o  u s e  g e a r s  i n  a vacuum. 
Bro the r s ,  Boulder,  t h e  bea r ings  of t h e  v e l o c i t y  s e l e c t o r  have 
been l u b r i c a t e d  w i t h  micro-s ize  molybdenum from Alpha Molycoat 
Corporat ion.  With t h i s  l u b r i c a t i o n ,  t h e  v e l o c i t y  selector  has  
been run f o r  p e r i o d s  up t o  15  minutes a t  speeds o f  1 0 , 0 0 0  R.P.M. 
The motor runs  a t  1 /3  i t s  r a t e d  c u r r e n t  of  180  m a  a t  t h i s  speed. 
A s m a l l  motor and chopper wheel (F ig .  4 . 1 )  has  been mounted 
The n e u t r a l  p a r t i c l e s  t h a t  escape  
The v e l o c i t y  s e l e c t o r  i s  d r iven  d i r e c t l y  from t h e  motor w i t h  
Upon advice  f r o m  vacuum l u b r i c a t i o n  s p e c i a l i s t s  a t  B a l l  
on t h e  v e l o c i t y  selector t o  i n t e r r u p t  t h e  n e u t r a l  p a r t i c l e s  f l u x .  
A p h o t o c e l l  and l i g h t  combination g i v e s  a s i g n a l  i n  phase wi th  
t h e  o f f  t i m e  of t h e  p a r t i c l e  beam. T h i s  s i g n a l  w i l l  be  used as a 
r e f e r e n c e  by a P.A.R. HR8 lock - in -ampl i f i e r  connected t o  t h e  
o u t p u t  of t h e  Bayard-Alpert i o n  gauge used as a detector. 
i o n  gauge f i l a m e n t  h e a t e r s  and a r c  c u r r e n t  supply.  
Highly smoothed c u r r e n t  sources  have been acqu i red  f o r  t h e  
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5.1 
STUDY OF HEAT ADDITION TO SUPERSONIC NOZZLES 
by Harry I. Leon, Fariborz P. Saheli, and 
William R. Mickelsen 
INTRODUCTION 
The results of this study show that it is possible to have 
a great increase in the exit velocity of a supersonic nozzle by 
the addition of heat in the supersonic portion of the nozzle. 
This increase of velocity is highly desirable for increasing 
the specific impulse of electric thrusters. This concept could 
also be used for increasing power and voltage of direct conversion 
devices of the type shown in Section 8 of Reference 5.1. The heat 
source is not specified in this study but possible sources 
include electrical, chemical or condensation such as explained 
in Section 7 of Reference 5.1. 
In a supersonic nozzle without heat addition, the maximum 
velocity is limited by the stagnation temperature in the plenum. 
(The maximum gas exit velocity for a standard nozzle using 
plenum stagnation heat only is shown in Figure 5.1.) 
flow region, the exit velocity is limited only by the amount of 
heat added and the nozzle size. Studies to date have shown that 
it is possible to increase the exit velocity of the nozzle by a 
factor of 3 or more above that of a nozzle without heat addition 
without increasing the static temperature in the nozzle. It is 
possible thereby to increase the specific impulse without inducing 
high power losses due to ionization of the gas. 
geometry and heat addition profile that will give the greatest 
increase in velocity for the least amount of heat addition and 
smallest area change. Three methods of approach were used in 
However, when additional heat is added in the nozzle in the 
This study ha5 been directed toward finding the nozzle 
. analyzing the problem: 
1. A computer program was developed that is capable of 
analyzing the velocity and temperature changes in a 
5.2 
nozzle  f o r  any h e a t  a d d i t i o n  ra te  o r  nozz le  a r e a  
change. Many combinations of h e a t  a d d i t i o n  and 
* 
area changes w e r e  s t u d i e d .  The r e s u l t s  t o  d a t e  
from t h i s  code are inc luded  i n  t h e  RESULTS s e c t i o n  
of  t h i s  r e p o r t .  
Computer programs w e r e  developed t h a t  would compute 
t h e  v e l o c i t y  and temperature  changes i n  a nozz le  
f o r  an area change and a h e a t  i n p u t  t h a t  would 
r e s u l t  i n :  
2. 
a. Constan t  s t a t i c  temperature  
b. Constan t  Mach number 
c. Constan t  v e l o c i t y .  
These programs were i n i t i a l l y  developed a s  a check 
program fo r  t h e  g e n e r a l  program given  i n  1 above, b u t  
were found t o  g i v e  many i n t e r e s t i n g  r e s u l t s  which are 
inc luded  i n  t h i s  r e p o r t .  
mentioned above, it w a s  c l e a r  t h a t  t h e  v e l o c i t y  
i n c r e a s e  i n  t h e  nozz le  was only  a f u n c t i o n  of t h e  
amount o f  h e a t  t h a t  w a s  added and t h e  s t a t i c  
tempera ture  o f  t h e  gas,' b u t  t h e  a r e a  r a t i o  r e q u i r e d  
f o r  t h i s  v e l o c i t y  i s  v e r y  s e n s i t i v e  t o  t h e  p a t h  i n  
which t h e  h e a t  i s  added and i t s  r e l a t i o n s h i p  wi th  
t h e  area change. 
developed t h a t  w i l l  op t imize  t h e  p a t h  of t h e  a r e a  
changes and h e a t  a d d i t i o n  t o  o b t a i n  t h e  maximum 
e x i t  v e l o c i t y  f o r  t h e  s m a l l e s t  h e a t  i n p u t  and a r e a .  
Codes developed i n  1 and 2 above w i l l  n o t  on ly  s e r v e  
t o  g i v e  an i n i t i a l  des ign ,  from which t h i s  code w i l l  
op t imize  by a p rocess  of i t e r a t i o n ,  b u t  w i l l  a l s o  
s e r v e  as a check on t h e  ou tpu t .  
3 .  A f t e r  s t u d y i n g  t h e  r e s u l t s  g iven  from t h e  programs 
A computer  program i s  be ing  
* The computer codes l i s t e d  i n  1 and 2 worked e q u a l l y  w e l l  i n  
t h e  s u p e r s o n i c  o r  subson ic  p o r t i o n  of  t h e  nozz le .  However, 
t h e  computer code 1 w a s  found u n s t a b l e  i n  t h e  Mach number 
r e g i o n  between 1 .00  t o  1 .05 .  
This  i s  o f  cour se  assuming no d i s c o n t i n u i t i e s  o r  f r i c t i o n  




The V e l o c i t y  i n  a Supersonic  Nozzle wi thou t  Heat 
Addi t ion  i n  Flowing S e c t i o n  
The p r i n c i p l e  o f  t h e  conse rva t ion  of energy may be w r i t t e n  
for  an a d i a b a t i c  f low p rocess  between any p o i n t s  1 and 2.  
t h e  energy e q u a t i o n  t h e  dec rease  i n  e n t h a l p y ,  h ,  i s  e q u a l  t o  t h e  
i n c r e a s e  i n  k i n e t i c  energy of t h e  f lowing gases :  
I n  
- V12) 1 2 hl - h2 = 2 (v2  
Assuming a p e r f e c t  gas :  
Ah = C AT P 
t h e  s p e c i f i c  h e a t  a t  c o n s t a n t  p r e s s u r e ,  C can b e  r e w r i t t e n  i n  
t e r m s  of t h e  r a t i o  of t h e  s p e c i f i c  h e a t s ,  y ,  and t h e  gas  c o n s t a n t ,  
R g i v i n g :  
P' 
Y R c =  p y - 1  m (5.3) 
where m i s  t h e  molecular  ( o r  atomic) weight  of t h e  gas .  
be  w r i t t e n  as: 
For an a d i a b a t i c ,  i s e n t r o p i c  nozz le  t h e  energy e q u a t i o n  may 
2 
+ h = ho = c o n s t a n t  2 (5.4) 
where ho i s  t h e  s t a g n a t i o n  enthalphy.  Using e q u a t i o n s  (5.2)  (5 .3)  , 
and t h e  s t e a d y - s t a t e  energy equa t ion  (5.41,  t h e  flow v e l o c i t y ,  
V, can b e  s o l v e d  i n  t e r m s  of t h e  s t a g n a t i o n  tempera ture ,  To, and 
the s t a t i c  t empera tu re ,  T: 
v =  i m  - 1 m  (5.5) 
Equat ion (5 .5)  i s  t h e  r e l a t i o n s h i p  between t h e  v e l o c i t y  i n  t h e  
nozz le  and t h e  s t a g n a t i o n  and s t a t i c  tempera tures  of t h e  g a s .  
Thus f o r  a gas  h e a t e d  on ly  i n  t h e  plenum r e g i o n ,  t h e  maximum 
v e l o c i t y  i s  dependent  on ly  on t h e  s t a g n a t i o n  tempera ture ,  
and t h e  molecular  weight  of t h e  gas ,  m. 
T ,  can b e  w r i t t e n  i n  t e r m s  of t h e  Mach number, M, and t h e  
TO , 
The s t a t i c  tempera ture ,  
3.4 
s t a g n a t i o n  tempera ture  T This  r e l a t i o n s h i p  i s  given below: 
0. 
This  equa t ion  (5.6)  is  very impor t an t  when t h e  working f l u i d  
of t h e  nozz le  i s  a condens ib le  gas. 
t empera ture ,  T ,  t h e  maximum Mach number, M, t h a t  can be o b t a i n e d  i s  
f u l l y  determined once t h e  s t a g n a t i o n  t empera tu re ,  To, is  d e f i n e d .  
However, i f  a d d i t i o n a l  h e a t  i s  added i n  t h e  n o z z l e  ( as w i l l  be  
shown i n  t h e  fo l lowing  
i n c r e a s e d  wi thou t  condensa t ion  occur r ing .  
c o n t i n u i t y  ( i n  one dimension) : 
I f  t h e  gas  condenses a t  t h e  
s e c t i o n ) ,  t h e  v e l o c i t y  can b e  f u r t h e r  
From t h e  e q u a t i o n  of 
A V  
p 1  A1 = p2 2 2 (5.7) 
The Mach number, M, which i s  a func t ion  of v e l o c i t y  and s t a t i c  
tempera ture ,  14 = V ( y  ;;; T) 
R - 5  
, can b e  expres sed  a s  a f u n c t i o n  of 
the  nozz le  a r e a .  Th i s  r e l a t i o n s h i p  i s  g iven  below: 
Y + l  
2 ( y  - 1) 
(5.8) A q=+L) (  
where AT i s  t h e  a r e a  of t h e  nozzle  t h r o a t .  The gas  v e l o c i t y  
can be s o l v e d  f o r  a s  a f u n c t i o n  of t h e  s t a g n a t i o n  tempera ture  and 
the nozz le  a r e a  r a t i o .  Th i s  a n a l y s i s  was done f o r  t h e  c a s e - o f  
l i t h i u m  gas and t h e  r e s u l t s  are shown on F igure  5.1. I t  should  b e  
noted  i n  F igu re  5.1 t h a t  t h e  v e l o c i t y  of t h e  l i t h i u m  does n o t  
i n c r e a s e  much beyond a v e l o c i t y  of 2310 meter / sec  i n  t h e  case  of 
a s t a g n a t i o n  tempera ture  of 2500'K due t o  condensa t ion  of l i t h i u m ,  
tha t  w i l l  occur  around 1600'K. 
V e l o c i t y  i n  a Supersonic  Nozzle when Heat 
is Added i n  Supersonic  S e c t i o n  
When a d d i t i o n a l  energy i s  added t o  t h e  working gas  of t h e  
nozzle beyond t h e  s t a g n a t i o n  r eg ion ,  t h e  phys ic s  of t h e  problem 
become much more d i f f i c u l t .  
area of t h e  nozz le  i s  allowed to  vary a t  t h e  same t i m e  h e a t  i s  
added. Convent iona l  t e x t s  and r e f e r e n c e  books i n  compress ib le  
f l u i d  f l o w  show t h a t  i f  t h e  a r e a  of t h e  s u p e r s o n i c  s e c t i o n  of a 
T h i s  i s  e s p e c i a l l y  t r u e  when t h e  
5.5 
nozz le  i s  h e l d  c o n s t a n t  when h e a t  i s  added, t h e  v e l o c i t y  of  t h e  
flow w i l l  be dec reased .  However, it was found t h a t  when t h e  
nozz le  a r e a  w a s  i n c r e a s e d  a t  s u f f i c i e n t l y  l a r g e  r a t io  a t  t h e  
same t i m e  h e a t  was added, t h e  v e l o c i t y  of t h e  gas  i n c r e a s e d .  
For  t h e  g e n e r a l  case, t h e  only way t o  ana lyze  t h e  combined 
e f f e c t s  of  area change and h e a t  a d d i t i o n  on t h e  v e l o c i t y  i n  a 
s u p e r s o n i c  nozz le  is  by approximate o r  numerical  t r e a t m e n t s .  A 
c o n s i d e r a b l e  c l a r i f i c a t i o n  of  t h e  numerical  c a l c u l a t i o n  and t h e  
q u a l i t a t i v e  i n t e r p r e t a t i o n  i s  made p o s s i b l e  by manipula t ion  of  
t h e  c o n s e r v a t i o n  e q u a t i o n s  and o t h e r  r e l e v a n t  e q u a t i o n s ,  fo l lowing  
assumptions w e r e  made i n  t h e  a n a l y s i s :  
a method dev i sed  by Shap i ro  and Hawthorne 2 . The fo l lowing  
1. The flow is one dimensional  and s t eady .  
2 .  Changes i n  s t r e a m  p r o p e r t i e s  a r e  cont inuous.  
3 .  The gas  i s  s e m i p e r f e c t ,  i .e .  it obeys Boyle ' s  and 
C h a r l e s '  l a w s  and has  a s p e c i f i c  h e a t  which v a r i e s  
o n l y  wi th  t empera tu re  and composition. (For  t h e  
p r e l i m i n a r y  c a l c u l a t i o n s  inc luded  i n  t h i s .  r e p o r t  
t h e  s p e c i f i c  h e a t  was he ld  c o n s t a n t . )  
4.  H e a t  i s  added uniformly a c r o s s  each nozz le  s t a t i o n .  
5. The e f f e c t  of  nozz le  w a l l  f r i c t i o n  i s  neg lec t ed .  




r e a c t i o n .  * 
7 .  Gas i s  n e i t h e r  i n j e c t e d  o r  removed from t h e  s t r e a m  
on i t s  passage through t h e  nozz le .  
The method of  a n a l y s i s  c o n s i s t s  of e x p r e s s i n g  t h e  d i f f e r e n t i a l  
of t h e  dependent  q u a n t i t y  v e l o c i t y  through a l i n e a r  combination 
of t h e  independent  variables, h e a t  a d d i t i o n  and a r e a  change. The 
c o e f f i c i e n t s  of  t h e s e  l i n e a r  combinations,  c a l l e d  t h e  " i n f l u e n c e  
c o e f f i c i e n t s " * *  a r e  a f u n c t i o n  o f  a s i n g l e  v a r i a b l e  - t h e  Mach 
number. The i n f i n i t e s i m a l  c o n t r o l  s u r f a c e  on which t h e  a n a l y s i s  
* F u t u r e  a n a l y s i s  w i l l  be  a more g e n e r a l  s t u d y  and w i l l  e l i m i n a t e  
some of  t h e  assumptions ( 4 . )  - (7 . )  made i n  t h e  p r e s e n t  s tudy .  
" i n f l u e n c e "  c o e f f i c i e n t s  and prove t o  be f u n c t i o n s  of y 
and M only .  
** The c o e f f i c i e n t s  of t h e  independent v a r i a b l e s  are c a l l e d  
5.6 
is based is shown in Figure 5.2 below: 
dQ 1 P t dP 
I T t d T  
w7-- 7: dp 
V I  I V + d V  
) M + d M  
A r -  
p i  
FIG. 5.2. Control Surface for Analysis of 
Continuous Changes. 
The Equations used in the analysis were derived by taking 
the logarithmic differentiation of the following relations. 
Equation of Static 
P = P K T  R 
Taking logarithms differential of equation (5.9) : 
Sound Velocity 
2 c = y R/m T 
Taking logarithmic differential gives: 
dc 





Defination of Mach Number 
(5.13) 
M2 = V2/c2 = V 2 m/yRT 
Taking logarithmic differential of (5.13) : 
dm dy dT + - - - - -  dML dVL - = -  
M2 V2 Y T (5.14) 
5.7 
Equat ion o f  Con t inu i ty  
W = pAV 
Taking l o g a r i t h m i c  d i f f e r e n t i a l  of (5 .15 ) :  
dw dp dA d V  + -  
W P + A  V 
- = -  
(5.15) 
(5.16) 
Energy Equat ion 
The energy equa t ion  for  t h e  c o n t r o l  s u r f a c e  may be  w r i t t e n  
i n  t h e  form: 
V2 W(dQ) = w(dh) + w(d 2) (5.17) 
S u b s t i t u t i n g  equa t ions  (5.2)  , (5.3) , and (5.13) i n t o  equa t ion  
(5.17) and r e a r r a n g i n g  : 
2 dT + y - 1 M2 dV - dQ 
C T  T 2 
P 
- = -  
V2 
(5.18) 
Momentum Equat ion 
For steady-f low problems, Newton's second l a w  of motion i s  
m o s t  convenient ly  a p p l i e d  by equat ing  t h e  n e t  f o r c e  a c t i n g  on a 
c o n t r o l  s u r f a c e  t o  t h e  i n c r e a s e  of momentum f l u x  o f  t h e  streams 
t h r u  the c o n t r o l  s u r f a c e .  
the w a l l s  i s  s m a l l ,  and f r i c t i o n  i s  neg lec t ed ,  t h e  momentum 
e q u a t i o n  can be w r i t t e n  i n  t h e  fo l lowing  form: 
Assuming t h e  angle  of d ivergence  of 
AdP = - wdV (5.19) 
Using e q u a t i o n s  (5.9) and (5.11) i n  (5.19) and r ea r r ang ing :  
dP KM2 dV2 
P 
- - = - -  
v2 
(5.20) 
S t a g n a t i o n  Temperature 
With t h e  assumption of cons t an t  s p e c i f i c  h e a t ,  C and 
c o n s t a n t  molecular  we igh t ,  m, t h e  s t a g n a t i o n  tempera ture ,  To, may 




By s u b s t i t u t i n g  t h e  d e f i n i t i o n  o f  t h e  Mach number, M, g iven  i n  
equa t ion  ( 5 . 1 3 ) ,  and t h e  p e r f e c t  gas l a w ,  e q u a t i o n  ( 5 . 9 ) ,  i n t o  
equa t ion  (5 .21 ) ,  t h e  equa t ion  can be r e w r i t t e n  i n  terms of  i t s  
" i n f l u e n c e  c o e f f i c i e n t " ,  which i s  p rev ious ly  d e r i v e d  i n  equa t ion  
( 5 . 6 )  : 
TO = T ( 1 + Y - 1 ~ 2 )  2 
S t a b n a t i o n  P res su re  
The r e l a t i o n s h i p  
i s e n t r o p i c  p rocess  of 
Y -=(e) T 
TO 
(5.22) 
between p res su re  and tempera ture  f o r  an 
a p e r f e c t  gas is:  
(5.23) 
The re fo re ,  us ing  equa t ion  (5 .22 ) ,  t h e  r e l a t i o n  between t h e  s t a t i c  
tempera ture ,  T ,  and t h e  s t a g n a t i o n  tempera ture ,  To, can be 
w r i t t e n  as: 
(5.24) 
Working Equat ions 
Using t h e  u s u a l  methods of so lv ing  systems of si.multaneous, 
l i n e a r  a l g e b r a r i c  e q u a t i o n s ,  equat ions  (5.101, (5.141, (5.181, 
and (5.20)  can be so lved  i n  terms of t h e  fo l lowing  independent  
and dependent var iables:  
Independent Dependent . 
dA/A, dTo/To dM2/m, dV/V, dT/T 
These equa t ions  are l i s t e d  below: 
y-1 2 2 Y-1 
- -  - (1 + YM ) (1 + 7 dTO 
2 To 
( l + - M )  2 dA t 
1 - M  2 A 
2 dM2 
M2 1 - M  




2 V-l M 2 )  
(5 .27)  
dTO 
(1 - M2) To 
2 
2 A  
(1 - YM )(I + 7 - dT - ( y - 1 ) M  dA +. 
1 - M  T 
- -  
Thus, i n  equa t ions  (5.251, ( 5 . 2 6 ) ,  and (5 .27 ) ,  t h e  changes 
i n  t h e  Mach number, a r e a  r a t io  and s t a t i c  tempera ture  w e r e  
r e l a t e d  t o  t h e  changes i n  t h e  nozzle area r a t i o  and t h e  
s t a g n a t i o n  temperature .  
I n  t h e  fo l lowing  s e c t i o n  of t h i s  r e p o r t ,  i t  i s  exp la ined  
how t h e  equa t ions  g iven  i n  t h i s  s e c t i o n  w e r e  used i n  the  
a n a l y s i s .  
METHOD OF ANALYSIS 
The a n a l y s i s  w a s  made by CDC6400 d i g i t a l  computer from 
codes w r i t t e n  i n  F o r t r a n  I V .  
w r i t t e n  t o  s o l v e  t h e  fo l lowing  cond i t ions  of h e a t  a d d i t i o n  t o  
a s u p e r s o n i c  nozz le .  
Code 1: 
i n  t h e  nozz le  ma in ta in ing  a cons tan t  Mach number. 
Code 2:  
a c o n s t a n t  s t a t i c  tempera ture  of t h e  f l u i d .  
Code 3: h e a t  a d d i t i o n  and area change r e q u i r e d  f o r  t h e  gas  t o  
ma in ta in  a c o n s t a n t  v e l o c i t y  i n  the  nozz le .  
Code 4 :  v e l o c i t y  and area change f o r  t h e  flow i n  a s u p e r s o n i c  
nozz le  wi thou t  h e a t  a d d i t i o n .  
Code 5: g e n e r a l  program f o r  computing the  e f f e c t s  of area 
changes and h e a t  a d d i t i o n  along any pa th .  
The b a s i c  equa t ions  and i t e r a t i o n  methods used i n  t h e s e  codes 
w i l l  be exp la ined  below. 
When a p a t h  of h e a t  a d d i t i o n  i s  predetermined a s  i n  t h e  case 
of codes 1 t h r u  4 ,  t h e  e q u a t i o n  of t h e  v e l o c i t y  can be i n t e g r a t e d  
i n  c l o s e d  form. 
use  of equa t ion  ( 5 . 2 1 )  o r  ( 5 . 2 2 )  w r i t t e n  i n  t h e  fo l lowing  forms: 
Five computer programs w e r e  
The codes computed t h e  fo l lowing:  
h e a t  a d d i t i o n  and area change wi th  t h e  s u p e r s o n i c  gas  
h e a t  a d d i t i o n  and area change i n  t h e  nozz le  t o  ma in ta in  




T02 T1 + V1 /2C 
T O 1  T2 + V2 / 2 C  




The use  of t h e  s t a g n a t i o n  temperature  r a t i o ,  To2/Tol f o r  t h e  
measure of h e a t  imput was found very convenient  s i n c e  a t  t h e  
s t a r t  of h e a t  i n p u t  t h e  r a t i o  would be  one and t h e  code would 
i n c r e a s e  t h i s  r a t i o  by s m a l l  s t e p s  and o b t a i n  t h e  s o l u t i o n  on 
each increment .  The a c t u a l  amount of h e a t  i n p u t ,  Q ,  i s  a 
f u n c t i o n  o f  t h e  s t a g n a t i o n  temperature  r a t i o ,  t h e  i n i t i a l  
s t a g n a t i o n  tempera ture ,  TO1, t h e  s p e c i f i c  h e a t ,  and t h e  weight  
flow ra te  as shown i n  t h e  express ion  below: 
(To2 - Q = w c  P 
which can be r e w r i t t e n  i n  t h e  fol lowing form: 
+ 1  Q - -  - T02 
T O 1  P 
(wC ITo l  
(5.28) 
(5.28a) 
I t  now w i l l  be shown how t h e  v e l o c i t y ,  s t a t i c  tempera ture  and 
area r a t i o  were determined i n  t h e  a n a l y s i s .  
Cons tan t  Mach number case, Code 1. 
With t h e  p a t h  of c o n s t a n t  Mach number, e q u a t i o n  (5.22a) reduces 
to: 
T2 T02 
T O 1  T1 
- -  - -  (5.29) 
S ince  t h e  Mach number i s  known, M2 = M1, and t h e  s t a t i c  tempera ture  
is  known once t h e  h e a t  i n p u t  i s  given, t h e  v e l o c i t y  a t  p o i n t  ( 2 )  
can be determined us ing  equa t ion  (5.13) w r i t t e n  i n  t h e  fo l lowing  
f o r m  : 
5.11 
The area r a t i o  r e q u i r e d  f o r  t h e  c o n s t a n t  Mach number 
2 was determined by i n t e g r a t i o n  of equa t ion  (5.25)  w i t h  dM 
p a t h  
set  
equa l  t o  zero .  I n t e g r a t i n g  equat ion  (5.25) g i v e s  t h e  e x p r e s s i o n  
f o r  area r a t i o ,  A2/A1 as a func t ion  of  s t a g n a t i o n  tempera ture  
r a t i o  as shown below: 
2 1 + yM 
2 
(5.30) 
Cons tan t  v e l o c i t y  case, Code 2. 
The v e l o c i t y  i n  t h i s  ca se  i s  e a s i l y  so lved  f o r  by u s e  of 
2 equa t ion  (5.21a) , where t h e  va lue  of V / 2 C  i s  a known c o n s t a n t ,  
s ay  e q u a l  t o  B.  Thus t h e  s t a t i c  temperature  can e a s i l y  be 
determined from t h e  r e s u l t i n g  equat ion:  
P 
T02  T1 + B 
T2 + B - =  T O 1  
(5.21b) 
The area r a t i o  i n  t h e  c a s e  was so lved  f o r  by i n t e g r a t i n g  
e q u a t i o n  (5.26) wi th  dV = 0 .  This  g i v e s  t h e  fo l lowing  equa t ion  
f o r  t h e  area r a t io :  
y - 1  -2  1 + -  M 2 
(5.31) 
where E i s  t h e  average Mach number between area A 
defined- as 
and A2 * 1 
M + M2 
2 
1 - M =  
where M2 i s  determined us ing  equat ion  (5.13a) 
(5.32) 
* Since  t h e  average Mach number i s  assumed a l i n e a r  average 
between M1 and M2 t h e  s i z e  of increments  w e r e  r e q u i r e d  t o  
be s m a l l  i n  o r d e r  t o  keep t h e  errors ve ry  s m a l l .  
5.12 
Cons tan t  s t a t i c  tempera ture  case ,  Code 3. 
I n  t h i s  c a s e  it i s  easier t o  f i r s t  s o l v e  f o r  t h e  M2 u s ing  
equa t ion  (5.22a) s i n c e  a l l  t h e  o ther  v a r i a b l e s  are known. Us ing  
t h i s  va lue  of  M2 and s i n c e  T1 = T2, t h e  v e l o c i t y ,  V2, w a s  
determined us ing  equa t ion  (5 .13a) .  
The area r a t i o  f o r  t h i s  pa th  i s  determined by i n t e g r a t i n g  
equa t ion  (5.27) w i t h  dT = 0 ,  giving t h e  r e l a t i o n s h i p :  
(yM2 - y-1 - 2  + ? M )  
(y-1) .G2 
(5.33) 
Cons tan t  s t a g n a t i o n  tempera ture ,  Code 4 .  
I 
For t h i s  a n a l y s i s ,  t h e  Mach number w a s  v a r i e d  i n  increments  
1 s t a r t i n g  a t  zero.  The s t a t i c  temperature  w a s  t h e n  determined 
by e q u a t i o n  (5.22) and t h e  v e l o c i t y  by e q u a t i o n  (5 .13a) .  The 
area r a t i o  corresponding t o  t h e  Mach number w a s  determined us ing  
equa t ion  (5.8)  . 
General  program, Code 5. 
pa th .  S ince  t h e  p a t h  w a s  not def ined ,  t h e  v e l o c i t y  had t o  be 
o b t a i n e d  by i n t e g r a t i n g  equa t ion  (5.26) us ing  numerical  methods. 
I n  o r d e r  t o  accomplish t h i s ,  equa t ion  (5.26) w a s  w r i t t e n  i n  
, 
I This  code d i d  t h e  a n a l y s i s  of t h e  h e a t  a d d i t i o n  along any 
I 
I f i n i t e  d i f f e r e n c e  form shown below: 
A2 T02 
T O 1  A1 
V 
2 =[ - - 1 - (1 + (y-l) 2) (- - "1 [ i2 : 1] + 1 2 
(5.34) 
I 
The v a l u e  of  t h e  a r e a  r a t i o ,  AR = A2/Al, w a s  i n i t i a l i z e d  
a t  1 . 0  and i n c r e a s e d  i n  s m a l l  s t e p s ,  c a l l e d  DAR, where DAR w a s  
found t o  g i v e  good r e s u l t s  when a va lue  o f  .001 w a s  chosen. 
Thus t h e  area change f o r  each s t e p  was w r i t t e n  as: 
AR = AR + DAR (5.35) 
. 
5.13 
The s t a g n a t i o n  temperature  r a t i o ,  TR = TO2/To1, f o r  each s t e p  
w a s  then al lowed t o  va ry  as a func t ion  of t h e  area r a t i o ,  AR,  
by many p a t h s .  The t w o  p a t h s  t h a t  gave t h e  b e s t  r e s u l t s  a r e  
l i s t e d  below: . 
TR = TR + C ( A R )  
and 
TR = AR/C + ( C - l ) / C  
(5.36) 
(5.37) 
C i n  t h e  above equa t ions  is a c o n s t a n t  which w a s  v a r i e d  i n  
t h e  imput of t h e  program. For t h e  programs us ing  equa t ion  (5 .36 ) ,  
C w a s  found t o  have a range o f  i n t e r e s t  between 0 . 0 1  and 0 . 6 0  
and f o r  t h e  program us ing  equa t ion  (5.37) t h e  v a l u e  o f  C w a s  
v a r i e d  between 2 t o  20 .  However, s i n c e  t h e  use  of e i t h e r  
equa t ion  (5.36) o r  (5.37) t h e  temperature  r a t i o ,  TR, i s  b a s i c a l l y  
a l i n e a r  f u n c t i o n  of  t h e  area r a t i o ,  AR, t h e  r e s u l t s  gave good 
c o r r e l a t i o n  wi th  each o t h e r  and were a b l e  t o  be  p l o t t e d  on a 
common c o n s t a n t  tempera ture  curve a s  shown on F igures  5 .3  and 5.4. 
i n i t i a l  c o n d i t i o n  a t  each  p o i n t  was known which inc luded  t h e  
v a l u e  of t h e  i n i t i a l  Mach number M1. 
solve f o r  t h e  average Mach number of each i n t e r v a l  by a p rocess  
of i t e r a t i o n .  An i n i t i a l  guess of t h e  v a l u e  of M2 w a s  M2 = M , .  
The v e l o c i t y ,  V2,  was then  obta ined  and us ing  V 2 ,  t h e  s t a t i c  
t empera tu re ,  T2 ,  w a s  ob ta ined  from e q u a t i o n  (5 .21) .  Then 
knowing t h e  s t a t i c  tempera ture ,  T2 ,  and v e l o c i t y ,  V2 ,  t h e  
computed Mach number a t  t h e  end of t h e  i n t e r v a l ,  M2C, w a s  
determined us ing  equa t ion  (5 .13) .  I f  t h e  d i f f e r e n c e  between 
t h e  i n i t i a l  guess  of  t h e  Mach number and M2C w a s  g r e a t e r  t han  
0.000001,  a new guess  of t h e  e x i t  Mach number, M2new w a s  
made u s i n g  t h e  r e l a t i o n s h i p :  
Returning back t o  how equat ion  (5.34) w a s  so lved  - t h e  
I t  w a s  necessary  t o  
ex 
M201d 
M2new = M 2 C (  MZC ) (5.38) 
where v a l u e s  of 0.5 and 0.25 were used fo r  ex. Using MZnew, 
a new v a l u e  of  t h e  average Mach number w a s  made us ing  equa t ion  
(5.321, and equa t ion  (5.34) was then so lved  a g a i n  f o r  t h e  V2 
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us ing  t h e  same va lues  of AR and TR. Th i s  p rocess  was r e p e a t e d  
u n t i l  t h e  d i f f e r e n c e  between t h e  guessed Mach number and t h e  
computed Mach number w a s  l ess  than 0 . 0 0 0 0 0 1 ,  which took on t h e  
average of 5 i t e r a t i o n s .  Once t h e  va lue  of t h e  Mach number 
conve rged , ' t he  Mach number, s t a t i c  tempera ture  and v e l o c i t y  
were p r i n t e d ,  and then  AR and TR were i n c r e a s e d  a s  shown i n  
equa t ions  (5 .35 ) ,  (5.36) o r  (5 .37 ) ,  M2 w a s  set  e q u a l  t o  M1, and 
t h e  p rocess  w a s  r epea ted .  
The g e n e r a l  code a l so  computed t h e  s t a g n a t i o n  and s t a t i c  
p r e s s u r e  a long  t h e  nozz le .  
a t  t h e  s t a r t  of  h e a t i n g  was computed us ing  equa t ion  (5 .24 ) .  
The change i n  s t a t i c  p r e s s u r e  p e r  increment  of  t h e  hea ted  
s e c t i o n  of t h e  channel  w a s  computed us ing  t h e  r e l a t i o n s h i p  
below: 
The va lue  of t h e  s t a t i c  p r e s s u r e  
P, A, M. 




The change i n  t h e  s t a g n a t i o n  p r e s s u r e  w a s  a l s o  computed us ing  
t h e  e q u a t i o n  below: 
Y - 1  2 Y/Y - 1 
p02 = 2 r' + $-;21 
p1 1 + -  
L J 
(5.40) 
The r e s u l t s  of t h e  a n a l y s i s  a r e  g iven  i n  t h e  nex t  s e c t i o n  
of t h i s  r e p o r t .  
5.15 
RESULTS 
The a d d i t i o n  of h e a t  t o  a supe r son ic  nozz le  w a s  found t o  
g i v e  an i n c r e a s e  i n  t h e  g a s  v e l o c i t y  i f  t h e  a r e a  i s  en la rged  
a t  a ra te  s u f f i c i e n t  t o  accommodate t h e  i n c r e a s e  of heat.  The 
comparison of s u p e r s o n i c  nozz le  e x i t  v e l o c i t y  w i t h  and wi thou t  
h e a t  a d d i t i o n  i s  a l so  shown on Figure  5.4. This  f i g u r e  shows 
t h a t  w i t h  plenum s t a g n a t i o n  tempera ture  of 2500°K, t h e  maximum 
v e l o c i t y  would be  3700 meter/sec, w h i l e  when heat  w a s  added t o  
t h e  n o z z l e ,  e x i t  v e l o c i t i e s  above 1 0 , 0 0 0  meter/sec w e r e  found 
p o s s i b l e .  When h e a t  i s  added t o  supe r son ic  s e c t i o n  of  t h e  
nozz le  w i t h o u t  an i n c r e a s e  i n  t h e  nozz. le  area, t he  f l o w  
v e l o c i t y  w i l l  dec rease .  The minimum rate  of area change t o  
h e a t  a d d i t i o n  t o  p r e v e n t  a l o w e r i n g  o f  t h e  v e l o c i t y  i s  t h e  
c o n s t a n t  v e l o c i t y  curve  shown on Figure 5.5.  I n  o r d e r  f o r  t h e  
flow v e l o c i t y  t o  i n c r e a s e  w i t h  h e a t  a d d i t i o n  t h e  area i n c r e a s e ,  
A2/AT must be l a r g e r  t han  t h e  cons t an t  v e l o c i t y  case f o r  t h e  
same r a t io  o f  t h e  s t a g n a t i o n  temperature  cha.nge, T /T 02  01' 
For a g iven  e x i t  s t a t i c  tempera ture ,  t h e  ve loc j - ty  of 
e x i t  i s  a f u n c t i o n  of t h e  h e a t  a d d i t i o n  t o  t h e  g a s  stream. 
F igure  5.3 shows t h e  r e l a t i o n s h i p  between t h e  e x i t  v e l o c i t y  
and t h e  hea t  imput,  TO2/To1, and t h e  s t a t i c  temperature .  A 
cross p l o t  of  F i g u r e  5.3 i s  shown on F igure  5.4. The m o s t  
impor t an t  r e s u l t s  of t h i s  s tudy  are shown on these two f i g u r e s .  
The v e l o c i t y  w a s  found t o  be a f u n c t i o n  of on ly  t h e  s t a t i c  
t empera tu re  and t h e  amount of  h e a t  a d d i t i o n ,  To2/Tol. 
change shown on F igure  5.4 i s  f o r  t h e  case where t h e  a r e a  
change i s  a l i n e a r  f u n c t i o n  of t h e  h e a t  a d d i t i o n  g iven  by 
e q u a t i o n s  (5.36) and (5.37) and r e p r e s e n t s  t h e  smallest  area 
r a t i o  found a t  p r e s e n t  f o r  t h e  v e l o c i t y  i n c r e a s e .  When t h e  h e a t  
a d d i t i o n  w a s  n o t  a l i n e a r  f u n c t i o n  of t h e  a r e a  change, such as 
i n  t h e  cases where t h e  h e a t  a d d i t i o n  w a s  added i n  such a manner 
as t o  keep v e l o c i t y ,  Mach number o r  s t a t i c  tempera ture  c o n s t a n t ,  
t h e  area r a t io s  r e q u i r e d  f o r  t h e  v e l o c i t y  i n c r e a s e  were found t o  
be ve ry  much l a r g e r .  A comparison o f  t h e  area r a t i o s  r e q u i r e d  
€or v e l o c i t y  i n c r e a s e s  f o r  t h e s e  pa ths  i s  shown on F igure  5.5. 
Studying F i g u r e  5.5,  it i s  c l e a r  t h a t  t h e  p a t h  taken  f o r  h e a t  
a d d i t i o n  h a s  a s t r o n g  e f f ec t  on t h e  area r a t i o  r e q u i r e d  f o r  a 




Ge la t ionsh ip  between t h e  p a t h  of hea t  a d d i t i o n  and t h e  a r e a  r a t i o  
i s  s t i l l  under  s tudy .  
The effect  of t h e  h e a t  a d d i t i o n  and area change on t h e  
p r e s s u r e  d i s t r i b u t i o n  i n  t h e  nozzle  was s t u d i e d .  The s t a t i c  
p r e s s u r e  w a s  found t o  dec rease  along p a t h s  d e s c r i b e d  by 
equa t ions  (5.36) and ( 5 . 3 7 ) .  A t y p i c a l  p l o t  of  t h e  s t a t i c  
p r e s s u r e  i s  shown on F igure  5.6. The s t a g n a t i o n  p r e s s u r e  was 
found t o  decrease when h e a t  w a s  added a long  t h e  same p a t h .  This  
i s  a l s o  shown on F i g u r e  5.6. 
CONCLUSION AND RECOMMi3NDATION FOR FUTURE W0,W 
The 
s tudy  of 
1. 
2.  
3 .  
fo l lowing  conclus ions  c a n  be made f r o m  t h i s  p re l imina ry  
heat a d d i t i o n  t o  a supersonic  nozz le :  
The h e a t  a d d i t i o n  t o  the nozz le  i n  t h e  supe r son ic  
r e g i o n  i s  capab le  of i n c r e a s i n g  t h e  v e l o c i t y  of  t h e  
e x i t  gas  t o  3 o r  more times t h e  v e l o c i t y  p o s s i b l e  
w i t h  a nozz le  wi th  h e a t  a d d i t i o n  i n  the  plenum only .  
Th i s  v e l o c i t y  i n c r e a s e  could be accomplished wi thou t  
t h e  need of r a i s i n g  t h e  s t a t i c  tempera ture  above 
plenum c o n d i t i o n s .  For example, t h e  e x i t  v e l o c i t y  
o f  a nozz le  us ing  l i t h i u m  g a s  could  be  i n c r e a s e d  
from 4000 meters/sec ( 4 0 0  seconds impulse)  w i t h  
h e a t i n g  on ly  i n  t h e  plenum, t o  1 0 , 0 0 0  meter/sec 
( 1 0 0 0  seconds)  o r  more with h e a t i n g  i n  t h e  super -  
s o n i c  s e c t i o n  wi thou t  excess ive  s t a t i c  tempera tures  
(see F i g u r e  5 . 3 ) .  
The maximum v e l o c i t y  t h a t  can be o b t a i n e d  i n  a 
plenum-heated nozz le  i s  a f u n c t i o n  of t he  
s t a g n a t i o n  tempera ture  and t h e  molecular  weight  
of t h e  g a s ,  wh i l e  t h e  maximum v e l o c i t y  t h a t  can 
be o b t a i n e d  i n  a nozz le  hea ted  a long  t h e  f l o w  
passage is  a f u n c t i o n  of t h e  t o t a l  s t a g n a t i o n  
tempera ture  t h a t  t h e  gas ob ta ins .  
The nozz le  area r a t i o  r equ i r ed  f o r  a g iven  v e l o c i t y  
wi th  a f i x e d  amount of h e a t  imput i s  a s t r o n g  f u n c t i o n  
of t h e  p a t h  i n  which t h e  h e a t  i s  a p p l i e d  t o  t h e  nozz le .  
5.17 
For example, f o r  a g iven  v e l o c i t y ,  t h e  a r e a  
r e q u i r e d  for  a pa th  of c o n s t a n t  tempera ture  
found t o  b e  approximately t h e  squa re  of t h e  
r a t i o  
w a s  
area 
r e q u i r e d  f o r  a pa th  where t h e  s t a g n a t i o n  tempera ture  
r a t i o  w a s  k e p t  a s  a l i n e a r  f u n c t i o n  o f  t h e  a r e a  change. 
4 .  The s t a t i c  p r e s s u r e  decreased  toward t h e  e x i t  of t h e  
nozz le  when h e a t  w a s  added and t h e  a r e a  was changed 
a long  a p a t h  t h a t  l e d  t o  a h igh  i n c r e a s e  i n  v e l o c i t y  
f o r  r e l a t i v e l y  s m a l l  a r e a  changes. This dec rease  i n  
s t a t i c  p r e s s u r e  a i d s  i n  hold ing  t h e  flow a long  t h e  
w a l l  of t h e  nozz le  t h u s  p reven t ing  s e p a r a t i o n .  , Futu re  work on t h i s  s tudy  i s  recommended t o  t a k e  t h e  fo l lowing  
d i r e c t i o n s  i n  o r d e r  t o  develop t h i s  concept  i n t o  a p r a c t i c a l  
des ign :  
1. 
2. 
3 .  




The a c t u a l  nozz le  geometry w i l l  b e  s t u d i e d ,  t a k i n g  wall 
f r i c t i o n  and h e a t  i n p u t  sources  i n t o  account.  
I f  a condensat ing g a s  i s  found t o  be t h e  b e s t  working 
f l u i d ,  t h e  e f f e c t s  of  t h i s  condensa t ing  gas on t h e  
nozz le  des ign  w i l l  have t o  be s t u d i e d .  (See Reference 
5.1, S e c t i o n  7. 
Add i t iona l  energy losses i n  a nozz le  due t o  gas 
d i s a s s o c i a t i o n ,  shocks,  and s e p a r a t i o n s  from t h e  
nozz le  w a l l s  w i l l  be  s t u d i e d .  
A t e s t  model should  be  made t o  s tudy  method o f  h e a t  
a d d i t i o n  and t o  prove des ign  concept.  
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Stagna t ion  Temperature Ra t io ,  Toz/Tol 
Various S t a t i c  Temperatures and Area r a t i o .  
FIG. 5.3. - Veloc i ty  V e r s u s  S tagnat ion  Temperature Rat io  a t  
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6.1 
THE PRODUCTION OF CHARGED COLLOID PARTICLES 
FRON WASTE-TYPE MATERIALS 
by V. Steadman and G. W. Tompkin 
The primary g o a l  has  been t o  show by some approximate means 
t h a t  a waste-type m a t e r i a l  i s  s u i t a b l e  f o r  u se  a s  a p r o p e l l a n t  
i n  e l e c t r o s t a t i c  c o l l o i d  t h r u s t e r s .  
f o r  gene ra t ing  t h e  charged co l lo id  p a r t i c l e s  has  been e l e c t r o -  
hydrodynamic (EHD) spray ing .  Various p r o p e r t i e s  of  a number of  
materials which w e r e  c r i t i c a l  i n  t h e i r  performance du r ing  t h e  
EHD sp ray ing  process  w e r e  deduced. A l s o  cons ide red  were 
improvements on t h e  basic EHD spraying  appa ra tus  which would 
ex tend  i t s  range of a p p l i c a b i l i t y  i n  charged c o l l o i d  gene ra t ion .  
The p a r t i c u l a r  method chosen 
The fo l lowing  p o t e n t i a l  p r o p e l l a n t s  w e r e  s t u d i e d  exper imenta l ly :  
(1) 1 . 7  g hemoglobin (dena tured)  /lo0 m l  formamide (wi th  
( 2 )  52 g u r e a / l l 7  g g l y c e r o l  , 
( 3 )  .0006 M H2S04 (water  as s o l v e n t )  , 
( 4 )  s i l v e r  n i t r a t e  i n  g lyco l -g lyce ro l .  
* 
and wi thou t  hepa r in  a d d i t i v e )  , * 
P r o t e i n  (exempl i f ied  by hemoglobin), u r e a  and w a t e r  are b iowas tes .  
C a s e  ( 4 )  provided g e n e r a l  in format ion  on t h e  performance of  
b i n a r y  s o l u t i o n s .  During e l ec t ros t a t i c  sp ray ing ,  t h e  above 
m a t e r i a l s  w e r e  each s u b j e c t e d  t o  a h igh  p o t e n t i a l  a t  a needle  
t i p  ( h e r e  a s t a i n l e s s  steel  needle  w i t h  a 90' t i p  and 8 m i l  I.D.) 
i n t o  which they w e r e  f e d  under a p r e s s u r e  ranging  from 0 c m  H g  
t o  9 0  c m  H g .  A t  t h e  needle  t i p ,  t h e  p r o p e l l a n t s  encountered a 
vacuum, t h e  p r e s s u r e  o f  which ranged from 511 t o  2 0 0 ~ .  The 
vacuum v a r i e d  w i t h  t h e  m a s s  flow rate and t h e  vapor  p r e s s u r e  o f  
t h e  p r o p e l l a n t .  The c h a r a c t e r i s t i c s  of  t h e  charged p a r t i c l e s  
produced a t  t h e  need le  t i p  were deduced f r o m  t h e i r  t i m e - o f - f l i g h t  
d a t a .  
* I t  should  be noted  i n  cases (1) and ( 2 )  t h a t  t h e  c o n c e n t r a t i o n s  
of hemoglobin and o f  u rea ,  r e s p e c t i v e l y ,  a r e  n o t  t h e  maximum 
p o s s i b l e  i n  t h e  g iven  s o l v e n t s .  However, it w a s  found t h a t  a 
t h r e e - f o l d  i n c r e a s e  i n  hemoglobin c o n c e n t r a t i o n  above t h a t  i n  
case (1) l e a d s  t o  a gel-forming suspens ion .  The c a s e  (1) 
s o l u t i o n  i s ,  however, s t a b l e .  G lyce ro l ,  on t h e  o t h e r  hand, 
appears  t o  " d i s s o l v e "  u rea  i n  a l l  p r o p o r t i o n s  upon s l i g h t  
h e a t i n g .  
6.2 
4 
For t h e  hemoglobin-formamide mixture ,  a charge-to-mass r a t i o  * 
of 1 3 0  coul/kg 
-3.1 kv, a grounded e x t r a c t o r  p lane ,  and a p r e s s u r e  on t h e  feed- 
l i n e  of  3 . 4  c m  Hg. N o  D.C. c u r r e n t  o f  0 .05  vamp o r  g r e a t e r  w a s  
d e t e c t a b l e  f o r  any a p p l i e d  needle  v o l t a g e  up t o  +3.1 kv, however. 
I n  F igu re  6 . 1  i s  shown, f r o m  t o p  t o  bottom, t h e  o s c i l l o s c o p e  
traces of two superimposed TOF decays and of a b a s e l i n e  accompanying 
t h e  D.C. c u r r e n t  f o r  t h e  hemoglobin-formamide experiment  mentioned 
above. Th i s  experiment  was run f o r  approximately one-half  hour 
wi th  no a p p r e c i a b l e  changes i n  t h e  observed sp ray ing  c h a r a c t e r i s t i c s .  
However, upon subsequent  examination of t h e  need le ,  a g e l - l i k e  
s t r u c t u r e  w a s  found t o  have formed i n  t h e  need le  c a p i l l a r y .  An 
a t t empt  w a s  then  made t o  p reven t  t h e  g e l  format ion  w i t h  t h e  
a d d i t i o n  of hepa r in  t o  t h e  hemoglobin-formamide mixture .  
r e s u l t a n t  s o l u t i o n  d i d  have a g r e a t l y  enhanced flow rate for  a 
g iven  p r e s s u r e  on t h e  m a s s  f low l i n e  o v e r  t h e  non-heparin-doped 
s o l u t i o n  (even when a l l  w a t e r  w a s  removed from t h e  h e p a r i n ) .  
But a g a i n  g e l  was found t o  have formed i n  t h e  need le  upon i t s  
examinat ion fo l lowing  t h e  experiment. F u r t h e r ,  no c u r r e n t  of 
charged p a r t i c l e s  of  .05  vamp o r  greater  w a s  d e t e c t a b l e  f o r  t h e  
heparin-doped s o l u t i o n  w i t h i n  t h e  range of need le  p o t e n t i a l s ,  
f 3  kv. 
w a s  o b t a i n e d  f o r  an a p p l i e d  need le  v o l t a g e  of 
The 
The u rea -g lyce ro l  mix ture  d i d  n o t  g i v e  r ise t o  a d e t e c t a b l e  
c u r r e n t  of 0 . 0 5  vamp o r  g r e a t e r  f o r  a s t a i n l e s s  steel need le  
such  as t h a t  d e s c r i b e d  above and f o r  a p p l i e d  need le  v o l t a g e s  
r ang ing  f r o m  - 3 .  kv t o  +5. kv. Such a r e su l t :  i s  n o t  s u r p r i s i n g  
s i n c e  p u r e  g l y c e r i n e  i t s e l f  would n o t  g i v e  r i se  t o  a c u r r e n t  
d e t e c t a b l e  w i t h  a TOF appa ra tus .  ( T h i s - c o n c l u s i o n  i s  based on t h e  
fo l lowing  informat ion:  a c u r r e n t  of o r d e r  1 ppamp i s  observed 
fo r  g l y c e r i n e  wi th  t h e  quadrupole  mass spec t romete r ,  whereas 
materials having ' ' to ta l"  c u r r e n t s  of  o r d e r  0 . 0 5  vamp, g i v e  rise 
t o  quadrupole  mass spec t romete r  c u r r e n t s  o r  o r d e r  1 0 0  vvamp. 6 .1 )  
* I t  w i l l  be  noted  t h a t  t h e  charge-to-mass r a t i o  observed i s  
dependent  upon t h e  s i z e  of t h e  TOF col lector  and i t s  s h i e l d i n g .  
The q given  above i s  somewhat erroneous due t o  e r r o r s  a r i s i n g  
f r o m  Fhese two s o u r c e s ,  as w e l l  as  some d i f f i c u l t y  i n c u r r e d  i n  
de te rmining  t h e  e x a c t  t i m e  a t  which t h e  need le  was s h o r t e d  t o  
ground from t h e  o s c i l l o s c o p e  t r a c e ,  Nevertheless, t h e  TOF 
trace i n d i c a t e s  t h a t  charged c o l l o i d  p a r t i c l e s  have indeed 
been formed from a hemoglobin-formamide mixture .  
6.3 
8 
The p o s s i b i l i t y  remains of doping t h e  u rea -g lyce ro l  mix ture  w i t h  
a s a l t  so a s  t o  o b t a i n  a u s e f u l  EHD sp ray ing  p r o p e l l a n t .  The 
mixture  a l r eady  i n v e s t i g a t e d  e x h i b i t e d  v i s c o s i t y  and vapor p r e s s u r e  
p r o p e r t i e s  s imi l a r  t o  t h o s e  of pure g l y c e r o l ;  t h e s e  are known from 
previous  i n v e s t i g a t i o n s  t o  be r e l a t i v e l y  i d e a l  for  a p r o p e l l a n t .  
The t h i r d  cand ida te ,  w a t e r  doped s o  as t o  be .0006M i n  
s u l f u r i c  acid ( r e s i s t i v i t y  e s t ima ted  from A 
has t h e  h i g h e s t  vapor p r e s s u r e  o f  t h e  t h r e e  materials t r i e d .  To 
use  water, h e a t  must be  a p p l i e d  t o  t h e  need le ,  e s p e c i a l l y  t h e  
need le  t i p ,  t o  p r e v e n t  t h e  formation of ice ,  e i ther  a t  t h e  t i p  or 
i n t e r n a l l y .  A combination of  J o u l e  h e a t i n g  of  a w i r e  s t u f f i n g  
o f  t h e  needle  and t h e  focus ing  of a l i g h t  beam on t h e  needle  
provided s u f f i c i e n t  h e a t i n g  so t h a t  there was a r e l a t i v e l y  h igh  
m a s s  f low of water .  I n  a d d i t i o n ,  no ice formed a t  t h e  need le  
tip. However, t h e  p r e s s u r e  i n  t h e  system approached atmospheric .  
A poor vacuum i s  o f  course  conducive t o  p reven t ing  t h e  format ion  
of ice. Hence t h e  same amount of h e a t i n g  as r e q u i r e d  i n  o u r  
experiment  would n o t  be adequate  i n  t he  vacuum of space .  
i s  1 9 2 0  0 - l  c m - l ) ,  
0 
Observat ions on t h e  q u a n t i t y  of and c o n f i g u r a t i o n s  assamed 
by t h e  ice flows f o r  t h e  H2SOq water  p r o p e l l a n t  t end  t o  a g r e e  
w i t h  p rev ious  obse rva t ions  (on SnC14-glycerol systems 6 * 2 ’  t h a t  t h e  
m a s s  f low of p r o p e l l a n t  i n c r e a s e s  w i t h  i n c r e a s i n g  p o t e n t i a l  on \ 
t h e  needle .  Among t h e  i n d i c a t i o n s  t h a t  such i s  t h e  case were: 
1. Ice appears  a t  t h e  needle  t i p  a t  lower f e e d - l i n e  
p r e s s u r e s  when a h igh  p o s i t i v e  v o l t a g e  (+2 kv) i s  
a p p l i e d  t o  t h e  needle  than when t h e  needle  i s  grounded. 
2. The non-whiskered i c e  s t r u c t u r e s  c h a r a c t e r i s t i c  of 
t h e  h igh  need le  p o t e n t i a l  case f o r  almost a l l  vacuum 
chamber p r e s s u r e s  and f e e d - l i n e  p r e s s u r e s  occur  f o r  
lower need le  p o t e n t i a l s  (+.5 kv) on ly  a t  f e e d - l i n e  
p r e s s u r e s  nea r  one atmosphere. ( A t  lower f e e d - l i n e  
p r e s s u r e s ,  t h e  l o w e r  needle  p o t e n t i a l  g i v e s  rise t o  
ice s t r u c t u r e s  which a r e  multi-whiskered.)  
The above r e s u l t s  i n d i c a t e  t h a t  t h e  ra te  of evapora t ion  a t  
need le  t i p s  du r ing  EHD spraying  dominates over  t h e  r a t e  o f  charged 
co l lo id  format ion  f o r  h igh  vapor p r e s s u r e  s o l u t i o n s .  (Even f o r  
very  l o w  vapor p r e s s u r e  p r o p e l l a n t s ,  t h e  t w o  r a t e s  are compe t i t i ve  
s i n c e  t h e r e  i s  a 2 3 %  m a s s  loss a t  t h e  need le  t i p  f o r  doped 
g l y c e r o l .  6 * 3 )  
vapor p r e s s u r e  s o l u t i o n s  of p r o t e h s  and of o t h e r  l a r g e  molecules 
should  then  be expec ted  t o  occur  a t  a need le  t i p ,  a lmost  
i r r e g a r d l e s s  of t h e  p o t e n t i a l  app l i ed  the reon .  G e l  fo rmat ion  i s  
t h e  o rd ina ry  r e s u l t  of t h e  exposure of a hemoglobin-formamide 
s o l u t i o n  t o  even a low vacuum. ( I f  t h e  vacuum and vapor  p r e s s u r e  
o f  t h e  s o l v e n t  are s u f f i c i e n t l y  high,  t hen  f r e e z i n g  of t h e  s o l u t i o n  
may be expected i n s t e a d . )  
There thus  appear  t o  be t w o  a l t e r n a t i v e s  remaining i f  one 
1. U t i l i z e  ve ry  lob7 vapor p r e s s u r e  s o l v e n t s .  (Such 
Processes  occur r ing  a t  vacuum i n t e r f a c e s  f o r  h igh  
* 
w i s h e s  t o  spray  l a r g e  molecules e l e c t r o s t a t i c a l l y :  
s o l v e n t s  w e r e  n o t  u t i l i z e d  i n  t h e  case of p r o t e i n s  
because they  do n o t  s o l v a t e  p r o t e i n s . )  
2 .  Hydrolyze t h e  p r o t e i n s  i n t o  t h e i r  amino a c i d  s u b u n i t s .  
(The s o l v e n t  of lowest  vapor p r e s s u r e  may a g a i n  be 
formamide. G e l  formation a t  vacuum i n t e r f a c e s  i n  
t h e  case  of t h e  amino acids i s  n o t  a n t i c i p a t e d . )  
The performance of formamide as  a p r o p e l l a n t  i s  however 
non-ideal .  The p o s s i b i l i t y  e x i s t s  though of  forming charged 
p a r t i c l e s  from amino a c i d s  i n  b ina ry  s o l u t i o n s ,  t h e  h i g h e r  vapor 
p r e s s u r e  com2onent of which i s  formamide. B u t  what r e s u l t s  may 
be expec ted  from b i n a r y  s o l u t i o n s  i n  g e n e r a l ?  
of t h e  h i g h e r  vapor  p r e s s u r e  component w i l l  undoubtedly occur;  
probably t h e  c h a r a c t e r i s t i c s  of t h e  p a r t i c l e s  produced i n  electro- 
s t a t i c  spraying  w i l l  be  s i m i l a r  t o  t h o s e  o c c u r r i n g  i n  t h e  pu re  
( b u t  s u i t a b l y  doped) lower vapor  p r e s s u r e  component. Our 
p re l imina ry  r e s u l t s  on g l y c e r o l ,  a 50-50 mix tu re  of  g l y c e r i n e  
and g l y c o l ,  and g l y c o l  (doped w i t h  8g s i l v e r  n i t r a t e /50ml  
s o l v e n t )  i n d i c a t e d  t h a t  t h e  s i t u a t i o n  i s  more complex. EHD 
sp ray ing  i s  p o s s i b l e  a t  bo th  nega t ive  and p o s i t i v e  p o t e n t i a l s  
(below 3 kv i n  magnitude) f o r  doped g l y c e r o l  a lone ;  b u t ,  w i t h i n  
t h e  same range,  EHD sp ray ing  i s  p o s s i b l e  on ly  f o r  n e g a t i v e  
p o t e n t i a l s  f o r  t h e  doped g l y c e r o l - g l y c o l  and doped g l y c o l  s o l u t i o n s .  
Greater evapora t ion  
* The tendency toward g e l  formation i s  p a r t i c u l a r l y  aggrevated 
i n  t h e  case  of p r o t e i n s  because t h e s e  h i g h l y  s t r u c t u r e d  
molecules  unfo ld  under reduced p res su re .  
6.5 
One would l i k e  t o  t h i n k  t h a t  t h e  foregoing  i n d i c a t e s  t h a t  s o l u t e s  
which are s o l u b l e  only  i n  t h e  h igher  vapor  p r e s s u r e  component 
might n o t  n e c e s s a r i l y  b u i l d  up i n  t h e  needle  c a p i l l a r y  durifig 
EHD spraying .  However, t h e  occurence of such a phenomenon i n  
EHD sp ray ing  probably r e q u i r e s  a cons ide rab le  degree o f  b ind ing  
of t h e  s o l u t e  t o  t h e  h i g h e r  vapor p r e s s u r e  component. Complexation 
might be necessary--as i s  i n d i c a t e d  t o  be  p r e s e n t  i n  t h e  s i l v e r  
n i t r a t e - g l y c o l  mixture  from t h e  a n a l y s i s  below. Because of  t h e  
l a r g e  e f f e c t  observed i n  t h e  case of complexation, it may 
n e v e r t h e l e s s  be  p o s s i b l e  t o  c o r r e l a t e  EHD s p r a y i n g  c h a r a c t e r i s t i c s  
w i t h  t h e  much weaker ion - so lven t  o r  amino ac id - so lven t  i n t e r a c t i o n s .  
Glycol  and g l y c e r o l  appear  t o  be ,  a t  f i r s t  g l ance ,  ve ry  
s i m i l a r  a l c o h o l s  having chemical formulas 
CH2 - CH2 
OH OH 
( g l y c o l  1 
CH2-CH-CH2 
OH OH OH 
( g l y c e r o l )  
However, s i g n i f i c a n t l y  more in t e rmolecu la r  hydrogen-bonding 
must occur  i n  t h e  pu re  g l y c e r o l  s o l u t i o n .  This  h i g h e r  degree  
of hydrogen-bonding probably p r e s e n t s  t h e  s i l v e r  i o n  from forming 
a complex w i t h  g l y c e r o l .  The s i l v e r  i o n  appa ren t ly  does combine 
by complexation wi th  less h igh ly  hydrogen-bonded g l y c o l .  The 
s i l v e r  i o n  i n  g l y c o l ,  b u t  n o t  i n  g l y c e r i n e ,  i s  i n  some s t a t e  
e n e r g e t i c a l l y  unfavorable  f o r  t h e  expu l s ion  of p o s i t i v e  c o l l o i d  
p a r t i c l e s  from t h e  c a p i l l a r y  l i q u i d  s u r f a c e .  (The n i t r a t e  i o n  i s  
presumably equa l ly  mobile and capable  of n e u t r a l i z a t i o n  a t  t h e  
c a p i l l a r y  s u r f  ace f o r -  t h e  v a r i o u s  g l y c e r o l  and g l y c o l  s o l u t i o n s .  
Hence n i t r a t e  i o n  i s  n o t  t h e  major source  of d i f f i c u l t y  i n  EHD 
s p r a y i n g  a t  p o s i t i v e  p o t e n t i a l s  for t h o s e  g lyco l - con ta in ing  
systems.)  I f  s i l v e r  i o n  i s  indeed complexed i n  g l y c o l  s o l u t i o n s  
b u t  n o t  i n  g l y c e r o l  a lone ,  one woiiders whether g r e a t e r  energy 
would be r e q u i r e d  t o  n e u t r a l i z e  t h e  complexed s i l v e r  i o n  a t  t h e  
c a p i l l a r y  s u r f a c e  than  i n  i t s  uncomplexed s ta te .  (Changes i n  
n e u t r a l i z a t i o n  energy have been c o r r e l a t e d  w i t h  t h e  f a i l u r e  of 




should lower t h e  ground-s ta te  energy l e v e l  of s i l v e r  i o n  i n  
s o l u t i o n ,  t he reby  i n c r e a s i n g  t h e  p r o b a b i l i t y  of e l e c t r o n  
t u n n e l i n g  from t h e  c a p i l l a r y  s u r f a c e  f o r  a g iven  n e g a t i v e  
needle  p o t e n t i a l .  But t h e  c l o s e r  a s s o c i a t i o n  of t h e  " s o l v e n t "  
i n  complexation w i l l  a l s o  h i n d e r  e l e c t r o n  tunne l ing .  F u r t h e r ,  
t h e  reduced c o n d u c t i v i t y  of t h e  complexed s i l v e r  i o n  as it 
moves toward t h e  c a p i l l a r y  s u r f a c e  f o r  n e u t r a l i z a t i o n  shou ld  
r e q u i r e  an i n c r e a s e  i n  c a p i l l a r y  p o t e n t i a l  t o  a f f e c t  a g iven  
q/m o r  t h e  c r i t i c a l  sp ray ing  p o t e n t i a l  i t s e l f .  Our i n i t i a l  
r e s u l t s  i n d i c a t e  t h a t  these opposing e f f e c t s  may c a n c e l ,  s i n c e  
t h e  c r i t i c a l  p o t e n t i a l  a t  which spraying commended ( f o r  a g iven  
needle)  w a s  approximately t h e  same throughout  t h e  t h r e e  doped 
g l y c o l  and g l y c e r o l  s o l u t i o n s .  
was approximately t h e  same i n  magnitude f o r  bo th  t h e  p o s i t i v e  
and t h e  n e g a t i v e  c r i t i c a l  spraying  p o t e n t i a l s  i n  t h e  g l y c e r i n e  
case--+2.4 kv.)  A t e n t a t i v e  conclus ion  i s  t h a t  t h e  reduced 
speed of mig ra t ion  of t h e  complexed s i l v e r  i o n  t o  t h e  l i q u i d  
s u r f a c e  has  caused t h e  f a i l u r e  of  doped g l y c o l  s o l u t i o n s  t o  
sp ray  e l e c t r o s t a t i c a l l y  a t  p o s i t i v e  p o t e n t i a l s  below 3 kv. I n  
agreement wi th  t h i s  i d e a  i s  t h e  f a c t  t h a t  corcplexation g r e a t l y  
reduces t h e  c o n d u c t i v i t y  of  i o n s .  
i n  g e n e r a l  w i l l  enab le  one t o  se lec t  m a t e r i a l s  j u d i c i o u s l y  f o r  
use i n  charged c o l l o i d  g e n e r a t i o n  by EHD sp ray ing .  
of such i n t e r a c t i o n s  i s  e v i d e n t  no t  on ly  from t h e  complexation 
case above b u t  also from p e c u l i a r  c o n d u c t i v i t y  e f f e c t s .  
a b s o l u t e  va lue  of t h e  c o n d u c t i v i t y  of a g iven  s o l u t i o n  appears  
t o  be o f  lesser importance i n  determining t h e  EHD sp ray ing  
c h a r a c t e r i s t i c s  of t h e  s o l u t i o n  than a r e  t h e  s t r u c t u r e  o f  t h e  
s o l u t i o n  and t h e  r e l a t i v e  p o s i t i o n s  of  t h e  coun te r ions  immediately 
sur rounding  a given ion .  
cases of  FeC13 and SnC14 i n  g l y c e r o l ,  t h a t  t h e  i n c r e a s e  i n  
c o n d u c t i v i t y  accompanying an i n c r e a s e  i n  tempera ture  f o r  a 
g iven  s o l u t i o n  does n o t  a l t e r  q/m f o r  a f i x e d  needle  p o t e n t i a l  
and mass flow r a t e .  
TOF c o l l e c t o r .  The mass flow r a t e  i s  a f u n c t i o n  of t h e  
t empera tu re ,  b u t  it can a l s o  be inc reased  by a p p l i c a t i o n  of 
i n c r e a s e d  p r e s s u r e  on t h e  f eed - l ine  wi thou t  a l t e r i n g  t h e  c o n d u c t i v i t y . )  
1 
( A l s o  t h e  c r i t i c a l  p o t e n t i a l  
An unders tanding  of  t h e  r o l e  of  s o l v e n t - s o l u t e  a t t r a c t i o n s  
The importance 
The 
Previous  work 6 * 2  has shown, i n  t h e  
(The mass flow r a t e  w a s  measured by t h e  
6 .7  
Such a r e s u l t  d i s a g r e e s  w i t h  P f e i f e r ' s  exp res s ion  f o r  t h e  
dependence of  q/m on t h e  c o n d u c t i v i t y  u ( E  ) :  
0 
I where M = mass f l o w  ra te  
6 = s u r f a c e  t e n t i o n  
p = d e n s i t y  
= e lec t r ic  f i e l d  s t r e n g t h  a t  t h e  c a p i l l a r y  t i p .  
~ 
EO 
However, f o r  g l y c e r i n e  doped w i t h  N a C 1 ,  t h e  dependence of  q/m 
on o ( E o )  i s  such t h a t  q u i t e  d i s t i n c t i v e  curves of u as a f u n c t i o n  
of Eo a r e  c l o s e l y  p a r a l l e l e d  by curves o f  q/m as a f u n c t i o n  of 
exper iments  may l i e  i n  t h e  f a c t  t h a t  an e lec t r ic  f i e l d  t e n d s  t o  
6 * 4  The d i f f e r e n c e  i n  t h e  c o n d u c t i v i t y  e f f e c t s  i n  t h e  t w o  
EO' 
1 asymmetrize t h e  d i s t r i b u t i o n  of  counter ions  about  a g iven  i o n ,  
I by r e l a x a t i o n  e f f e c t s .  
~ Such a dependence on microscopic  s t r u c t u r e  i n  EHD spraying  
whereas i n c r e a s e s  i n  tempera ture  t end  t o  smear o u t  t h e  i o n  cloud 
I 
I 
does n o t  seem unreasonable  when one cons ide r s  t h a t  such sp ray ing  
occur s  i.n jets.  These je ts  are r e l a t i v e l y  h igh ly  s t a b l e  i n  
d i r e c t i o n  and c o n t e n t ,  though t h e  c o n t e n t  v a r i e s  cons ide rab ly  
from one j e t  t o  t h e  nex t .  This  phenomenon of s t a b l e  jets wi th  
d i f f e r e n t  c o n t e n t s  l e a d s  one t o  t h i n k  t h e  l i q u i d  might be 
s t r u c t u r e d  w i t h  d e f i n i t e  r o u t e s  (some d i s t a n c e  back from t h e  
l i q u i d  meniscus) through which a g iven  i o n i c  s p e c i e s  can t r a v e l .  
I n  t h e  case o f  pure  d i e l e c t r i c s ,  it i s  known t h a t  space  charge 
d i s t o r t s  t h e  f i e l d  s o  t h a t  a t  f i e l d  s t r engkhs  nea r  breakdown, 
e l ec t r i ca l  conduct ion tends  t o  occur  i n  f i l amen t s .  6 * 5  
phenomenon may occur  a t  t h e  needle  t i p  i n  doped d i e l e c t r i c s ,  
though a t  f i e l d  s t r e n g t h  cons iderably  below t h e  d i e l e c t r i c  
A s imi l a r  
breakdown p o t e n t i a l .  
I n  all, t h e  phenomenon of EHD sp ray ing  i n  g e n e r a l  w i l l  be  
more comprehensible when va r ious  d i s t i n c t i o n s  due t o  microscopic  
v a r i a t i o n s  i n  c o n d u c t i v i t y  are  inco rpora t ed  i n t o  t h e  theo ry .  
The quadrupole  mass spec t romete r  o r  a modif ied TOF spec t romete r  
which ana lyzes  on ly  one j e t  a t  a t i m e  should  provide  more p r e c i s e  
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page 3.5, l a s t  sen tence  i n  f i r s t  paragraph should read: 
mercury bombardment t h r u s t e r s  w i l l  always have about 2.5 t i m e s  
the discharge power l o s s  of cesium bombardment t h r u s t e r s  . 'I 
"In o t h e r  words, 
page 4.2, t h i r d  sen tence  i n  f i r s t  paragraph should read: 
Too mukh power would be l o s t  i n  the o r i g i n a l  gea r  d r i v e ,  and 
page 5.10, equat ion (5.21a) should read: 2 
- T02 
TO1 
2 T2 + V2 /2C 
T1 + VlL/2C P 
(5.21a) 
page 5.11, equat ion (5.21b) should read: 
T02 T2 + B 
T1 + B - =  TO1 
.~ 
(5.21b) 
page 6.7, f i f t h  l i n e  from top  should read: 
6 = surface t ens ion  
page 6.8. Figure 6 . 1  was mounted upside down. 
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